Some new algebras of functions on topological groups arising from
  $G$-spaces by Glasner, Eli & Megrelishvili, Michael
ar
X
iv
:m
at
h/
06
08
57
5v
1 
 [m
ath
.D
S]
  2
3 A
ug
 20
06
SOME NEW ALGEBRAS OF FUNCTIONS ON TOPOLOGICAL GROUPS
ARISING FROM G-SPACES
E. GLASNER AND M. MEGRELISHVILI
Abstract. We investigate new and old algebras of continuous functions on topological groups G
arising from G-spaces and some associated linear representations G → Iso (V ) on Banach spaces
V . The topological group G = H+[0, 1] of orientation preserving homeomorphisms on the closed
interval does not admit non-trivial continuous representations G→ Iso (V ) when V is a reflexive
Banach space (an equivalent statement is that every weakly almost periodic function on G is
constant), [27]. We strengthen this result by showing that the same is true when V is an Asplund
Banach space. In turn, this statement is equivalent to the triviality of the algebra Asp(G) of
Asplund functions on G. For an arbitrary topological group G we introduce a new algebra of
functions, the algebra of strongly uniformly continuous functions which appears to be a useful
tool in the study of non-abelian groups. We show that for any G the inclusions
RUC(G) ∩ LUC(G) ⊃ SUC(G) ⊃ LE(G) ⊃ Asp(G) ⊃ WAP (G)
hold (where LE(G) is the algebra of locally equicontinuous functions in the sense of Glasner and
Weiss [15]) and that for G = H+[0, 1], and also for G = Iso (U1) the isometry group of U1 (the
Urysohn space of diameter 1) we have SUC(G) = {constants}. We introduce the notion of fixed
point on a class P of flows (P-fpp or extreme P-amenability) and study in particular groups with
the SUC-fpp, namely those groups which have a fixed point on compact SUC-flows. Several of the
well known large Polish groups which fail to be extremely amenable are extremely SUC-amenable.
In the final sections we study the Roelcke and SUC compactifications of the group S∞ of
permutations of N, and H(C), the group of homeomorphisms of the Cantor set. For the first
group we show that WAP (S∞) = SUC(S∞) = UC(S∞) and also provide a concrete description
of the corresponding metrizable (in fact Cantor) semitopological semigroup compactification. For
the latter group, in contrast, we have SUC(H(C)) $ UC(H(C)) from which fact we deduce that
UC(H(C)) is not a right topological semigroup compactification of H(C).
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1
21. Introduction
In this paper we introduce the property of Strong Uniform Continuity (in short: SUC) of G-spaces
and the associated notion of SUC functions. For every compact G-space X the corresponding orbit
maps x˜ : G → X, g 7→ gx are right uniformly continuous for every x ∈ X . If all the maps {x˜}x∈X
are also left uniformly continuous then we say that X is SUC. Every right uniformly continuous
bounded real valued function f : G → R comes from some compact G-space X . That is, there
exist a compact G-space X , a continuous function F : X → R, and a point x0 ∈ X such that
f = F ◦ x˜0. We say that f is SUC if it comes from a compact G-space X which is SUC. We denote
by SUC(G) the corresponding class of functions on G. The class SUC(G) forms a uniformly closed
G-invariant subalgebra of the algebra UC(G) := RUC(G) ∩ LUC(G) of (right and left) uniformly
continuous functions. Of course we have SUC(G) = UC(G) = RUC(G) = LUC(G) when G is
either discrete or abelian so that the notion of strong uniform continuity can be useful only when
one deals with non-abelian non-discrete topological groups. Mostly we will be interested in Polish
non-locally compact large groups, but some of the questions we study are of interest in the locally
compact case as well.
In our recent work [13] we investigated, among other topics, the algebras of locally equicontin-
uous LE(G), and Asplund functions Asp(G) on a topological group G. The inclusions UC(G) ⊃
SUC(G) ⊃ LE(G) ⊃ Asp(G) ⊃WAP (G) hold for an arbitrary topological group G. In the present
article we provide a characterization of the elements of SUC(G) and LE(G) in terms of matrix
coefficients for appropriate Banach representations of G by linear isometries.
Intuitively the dynamical complexity of a function f ∈ RUC(G) can be estimated by the topo-
logical complexity of the cyclic G-flow Xf (the pointwise closure of the G-orbit of f) treating it as
a subset of the Banach space RUC(G). This leads to a natural dynamical hierarchy (see Theorem
7.12) where SUC(G) plays a basic role. In some sense SUC(G) is the largest “nice subalgebra”
of UC(G). It turns out that f ∈ SUC(G) iff Xf is a subset of UC(G). Moreover the algebra
SUC(G) is point-universal in the sense of [13] and every other point-universal subalgebra of UC(G)
is contained in SUC(G). Recall that a G-algebra A ⊂ RUC(G) is point-universal if and only if the
associated G-compactification G→ GA is a right topological semigroup compactification.
As an application we conclude that the algebra UC(G) is point-universal if and only if it coincides
with the algebra SUC(G) and that the corresponding Roelcke compactification G → GUC is in
general not a right topological semigroup compactification of G (in contrast to the compactification
G→ GSUC determined by the algebra SUC(G)).
For locally compact groups, SUC(G) contains the subalgebra C0(G)) and therefore determines
the topology of G. The structure of SUC(G) — in contrast to RUC(G) which is always huge
for non-precompact groups — is “computable” for several large groups like: H+[0, 1], Iso(U1) (the
isometry group of the Urysohn space of diameter one U1), U(H) (the unitary group on an infinite
dimensional Hilbert space) S∞ = S(N) (the Polish infinite symmetric group) and any noncompact
simple Lie group with finite center (e.g., SLn(R)). For instance, SUC(G) = WAP (G) for U(H),
S∞ and SLn(R). In the first case we use a result of Uspenskij [46] which identifies the Roelcke
completion of U(H) as the compact semigroup of contracting operators on the Hilbert space H . In
the latter case we use a result of Veech [48].
The group H+[0, 1] of orientation preserving homeomorphisms of the closed unit interval, en-
dowed with the compact open topology is a good test case in the class of “large” yet “computable”
topological groups. See Section 8 for more details on this group. In particular recall the result
from [27] which shows that H+[0, 1] is “WAP-trivial”: Every weakly almost periodic function on
G := H+[0, 1] is a constant and every continuous representation G→ Iso(V ) where V is a reflexive
Banach space is trivial.
Here we show that G is even “SUC-trivial” — that is, the algebra SUC(G) (and hence, also
the algebras Asp(G) and LE(G)) consists only of constant functions — and that every continuous
representation ofG into the group of linear isometries Iso(V ) of an Asplund Banach space V is trivial.
Since in generalWAP (G) ⊂ Asp(G) and since every reflexive Banach space is Asplund these results
3strengthen the main results of [27]. SUC-triviality implies that every adjoint continuous (see Section
6) representation is trivial for H+[0, 1].
1
From the WAP triviality of H+[0, 1] and results of Uspenskij about Iso(U1) Pestov deduces in
[38, Corollary 1.4] the fact that the group Iso(U1) is also WAP-trivial. Using a similar idea and the
matrix coefficient characterization of SUC one can conclude that Iso(U1) is SUC-trivial. It is an
open question whether the group H([0, 1]ℵ0) is SUC-trivial (or, WAP-trivial).
The above mentioned description of SUC(G) and LE(G) in terms of matrix coefficients (Section
9) is nontrivial. The proof is based on a dynamical modification of a well known interpolation
technique of Davis, Figiel, Johnson and Pelczyn´ski [7].
In section 11 we introduce a notion of extreme amenability with respect to a class of flows. In
particular we examine extremely SUC-amenability and extremely SUC-amenable groups. Namely
those groups which have a fixed point property on compact SUC G-spaces. Several natural groups,
like SL2(R), S∞, H(C) (the homeomorphisms group of the Cantor set), and H+(S), which fail
to be extremely amenable, are however extremely SUC-amenable. In the last two sections we
study the Roelcke and SUC compactifications of the groups S∞ and H(C). For the first group
we show that WAP (S∞) = SUC(S∞) = UC(S∞) and also provide a concrete description of the
corresponding metrizable (in fact Cantor) right topological (which is even semitopological) semigroup
compactification. For the latter group, in contrast, we have SUC(H(C)) $ UC(H(C)) from which
fact we deduce that UC(H(C)) is not a right topological semigroup compactification of H(C).
2. Actions and G-compactifications
Unless explicitly stated otherwise, all spaces in this paper are at least Tychonoff. A (left) action
of a topological group G on a topological space X , a G-flow, as usual, is defined by a function
π : G×X → X, π(g, x) := gx such that always g1(g2x) = (g1g2)x and ex = x hold, where e = eG is
the neutral element of G. Every x ∈ X defines an orbit map x˜ : G→ X, g 7→ gx. Also every g ∈ G
induces a g-translation πg : X → X, x 7→ gx. If the action π is continuous then we say that X is a
G-space (or a G-system). Sometimes we write it as a pair (G,X). If the orbit Gx0 of x0 is dense in
X for some x0 ∈ X then G-space X is transitive and the point x0 is a transitivity point. The pair
(X, x0) is a pointed system or a G-ambit. If every point x in a compact G-space X is transitive then
X is said to be minimal.
Let G act on X1 and on X2. A map f : X1 → X2 is a G-map if f(gx) = gf(x) for every
(g, x) ∈ G×X1.
A right action X ×G→ X can be defined analogously. If Gop is the opposite group of G with the
same topology then the right G-space (X,G) can be treated as a left Gop-space (Gop, X) (and vice
versa). A map h : G1 → G2 between two groups is a co-homomorphism (or, an anti-homomorphism)
if h(g1g2) = h(g2)h(g1). This happens iff h : G
op
1 → G2 (the same assignment) is a homomorphism.
The Banach algebra (under the supremum norm) of all continuous real valued bounded functions
on a topological space X will be denoted by C(X). Let (G,X) be a left (not necessarily compact)
G-space. Then it induces the right action C(X) × G → C(X), with (fg)(x) = f(gx), and the
corresponding co-homomorphism h : G → Iso(C(X)). While the g-translations C(X) → C(X)
(being isometric) are continuous, the orbit maps f˜ : G → C(X), g 7→ fg are not necessarily
continuous. The function f ∈ C(X) is right uniformly continuous if the orbit map G→ C(X), g 7→
fg is norm continuous. The set RUC(X) of all right uniformly continuous functions on X is a
uniformly closed G-invariant subalgebra of C(X). Here and in the sequel “subalgebra” means a
uniformly closed unital (containing the constants) subalgebra. A “G-subalgebra” is an algebra
which is invariant under the natural right action of G.
Every topological group G can be treated as a G-space under the left regular action of G on itself.
In this particular case f ∈ RUC(G) iff f is uniformly continuous with respect to the right uniform
structure R on G 2. Thus, f ∈ RUC(G) iff for every ε > 0 there exists a neighborhood V of the
identity element e ∈ G such that supg∈G |f(vg)− f(g)| < ε for every v ∈ V .
1As we were informed by Uspenskij the latter follows also from a recent unpublished result of Uspenskij.
2Furthermore this is also true for coset G-spaces G/H.
4Analogously one defines right translations (gf)(x) := f(xg), and the algebra LUC(G) of left
uniformly continuous functions. These are the functions which are uniformly continuous with respect
to the left uniform structure L on G.
A G-compactification of a G-space X is a G-map ν : X → Y into a compact G-space Y with
cl ν(X) = Y . A compactification is proper when ν is a topological embedding. Given a compact
G-space X and a point x0 ∈ X the map ν : G → X defined by ν(g) = gx0 is a compactification of
the G-space G (the left regular action) in clGx0 ⊂ X .
We say that a G-compactification ν : G→ S of X := G is a right topological semigroup compact-
ification of G if S is a right topological semigroup (that is, S is a compact semigroup such that for
every p ∈ S the map S → S, s 7→ sp is continuous) and ν is a homomorphism of semigroups.
There exists a canonical 1-1 correspondence between theG-compactifications ofX andG-subalgebras
of RUC(X) (see for example [49]). The compactification ν : X → Y induces an isometric G-
embedding of G-algebras
jν : C(Y ) = RUC(Y ) →֒ RUC(X), φ 7→ φ ◦ ν
and the algebra Aν is defined as the image jν(C(Y )). Conversely, if A is a G-subalgebra of RUC(X),
then denote by XA or by |A| the corresponding Gelfand space treating it as a weak star compact
subset of the dual space A∗. It has a structure of a G-space (G, |A|) and the natural map νA :
X → XA, x 7→ evax, where evax(ϕ) := ϕ(x), is the evaluation at x (a multiplicative functional),
defines a G-compactification. If ν1 : X → XA1 and ν2 : X → XA2 are two G-compactifications
then Aν1 ⊂ Aν2 iff ν1 = α ◦ ν2 for some continuous G-map α : X
A2 → XA1 . The algebra A
determines the compactification νA uniquely, up to the equivalence of G-compactifications. The
G-algebra RUC(X) defines the corresponding Gelfand space |RUC(X)|, which we denote by βGX ,
and the maximal G-compactification iβ : X → βGX . Note that this map may not be an embedding
even for Polish G and X (see [23]); it follows that there is no proper G-compactification for such X .
If X is a compact G-space then βGX can be identified with X and C(X) = RUC(X).
For a topological group G denote by GRUC the Gelfand space of the G-algebra RUC(G). The
canonical embedding u : G→ GRUC defines the greatest ambit (GRUC , u(e)) of G.
It is easy to see that the intersection UC(G) := RUC(G)∩LUC(G) is a left and right G-invariant
closed subalgebra of RUC(G). We denote the corresponding compactification by GUC . Denote by
L
∧
R the lower uniformity of G. It is the infimum (greatest lower bound) of the left and right
uniformities on G (we call it the Roelcke uniformity). Clearly, for every bounded function f : G→ R
we have f ∈ UC(G) iff f : (G,L
∧
R)→ R is uniformly continuous. Recall the following important
and non-trivial fact 3.
Lemma 2.1. (1) (Roelcke-Dierolf [40]) For every topological group G the Roelcke uniform struc-
ture L
∧
R generates the given topology of G.
(2) For every topological group G the algebra UC(G) separates points from closed subsets in G.
Proof. (1) See Roelcke-Dierolf [40, Proposition 2.5].
(2) Follows from (1). 
By a uniform G-space (X,µ) we mean a G-space (X, τ) where τ is a completely regular topology
and µ is a compatible uniform structure, so that the topology top(µ) defined by µ is τ .
Let X := (X,µ) be a uniform G-space. A point x0 ∈ X is a point of equicontinuity (notation:
x0 ∈ EqX) if for every entourage ε ∈ µ, there is a neighborhood O of x0 such that (gx0, gx) ∈ ε
for every x ∈ O and g ∈ G. The G-space X is equicontinuous if EqX = X . (X,µ) is uniformly
equicontinuous if for every ε ∈ µ there is δ ∈ µ such that (gx, gy) ∈ ε for every g ∈ G and
(x, y) ∈ δ. For compact X (equipped with the unique compatible uniformity), equicontinuity and
uniform equicontinuity coincide. Compact (uniformly) equicontinuous G-space X is also said to be
Almost Periodic (in short: AP); see also Section 7. If EqX is dense in X then (X,µ) is said to be
an almost equicontinuous (AE) G-space [2].
The following definition is standard (for more details see for example [13]).
3Note that in general the infimum µ1
∧
µ2 of two compatible uniform structures on a topological space X need
not be compatible with the topology of X (cf. [40]).
5Definition 2.2. (1) A function f ∈ C(X) on a G-space X comes from a compact G-system Y
if there exist a G-compactification ν : X → Y (so, ν is onto if X is compact) and a function
F ∈ C(Y ) such that f = F ◦ ν (i.e., if f ∈ Aν).
X
f
  @
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F

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(2) A function f ∈ RUC(G) comes from a pointed system (Y, y0) if for some continuous function
F ∈ C(Y ) we have f(g) = F (gy0), ∀g ∈ G. Notation: f ∈ A(Y, y0). Defining ν : X = G→
Y by ν(g) = gy0 observe that this is indeed a particular case of 2.2.1.
(3) Let Γ be a class of compact G-spaces. For a G-space X denote by Γ(X) the class of all
functions on X which come from a G-compactification ν : X → Y where the G-system Y
belongs to Γ.
Let P be a class of compact G-spaces which is preserved by G-isomorphisms, products and closed
G-subspaces. It is well known (see for example, [13, Proposition 2.9]) that for every G-space X there
exists a universal (maximal) G-compactification X → XP such that XP lies in P. More precisely, for
every (not necessarily compact) G-space X denote by P ⊂ C(X) the collection of functions coming
from G-spaces having property P . Then P is a uniformly closed, G-invariant subalgebra of RUC(X)
and the maximal G-compactification ofX with property P is the corresponding Gelfand spaceXP :=
|P|. If X is compact then (G,XP) is the maximum factor of (G,X) with property P. In particular let
P be one of the following natural classes of compactG-spaces: a) Almost Periodic (=equicontinuous);
b) Weakly Almost Periodic; c) Hereditarily Not Sensitive; d) Locally Equicontinuous; e) all compact
G-spaces. Then, in this way the following maximal (in the corresponding class) G-compactifications
are: a) GAP ; b) GWAP ; c) GAsp; d) GLE; e) GRUC .
For undefined concepts and more details see Section 7 and also [13].
3. Cyclic G-systems and point-universality
Here we give some background material about cyclic compact G-systems Xf defined for f ∈
RUC(X). These G-spaces play a significant role in many aspects of topological dynamics and are
well known at least for the particular case of X := G. We mostly use the presentation and results
of [13] (see also [50]).
As a first motivation note a simple fact about Definition 2.2. For every G-space X a function
f : X → R lies in RUC(X) iff it comes from a compact G-flow Y . We can choose Y via the maximal
G-compactification G → βGG = Y of G. This is the largest possibility in this setting. Among
all possible G-compactifications ν : X → Y of X such that f comes from (ν, Y ) there exists also
the smallest one. Take simply the smallest G-subalgebra Af of RUC(X) generated by the orbit
fG of f in RUC(X). Denote by Xf the Gelfand space |Af | = XAf of the algebra Af . Then the
corresponding G-compactification X → Y := Xf is the desired one. We call Af and Xf the cyclic
G-algebra and cyclic G-system of f , respectively. Next we provide an alternative construction and
some basic properties of Xf .
Let X be a (not necessarily compact) G-space. Given f ∈ RUC(X) let I = [−‖f‖, ‖f‖]⊂ R and
Ω = IG, the product space equipped with the compact product topology. We let G act on Ω by
gω(h) = ω(hg), g, h ∈ G.
Define the continuous map
f♯ : X → Ω, f♯(x)(g) = f(gx)
and the closure Xf := cl (f♯(X)) in Ω. Note that Xf = f♯(X) whenever X is compact.
Denoting the unique continuous extension of f to βGX by f˜ (it exists because f ∈ RUC(X)) we
now define a map
ψ : βGX → Xf by ψ(y)(g) = f˜(gy), y ∈ βGX, g ∈ G.
Let pre : Ω→ R denote the projection of Ω = IG onto the e-coordinate and let Fe := pre ↾Xf : Xf →
R be its restriction to Xf . Thus, Fe(ω) := ω(e) for every ω ∈ Xf .
6As before denote by Af the smallest (closed and unital, of course) G-invariant subalgebra of
RUC(X) which contains f . There is then a naturally defined G-action on the Gelfand space XAf =
|Af | and a G-compactification (morphism of dynamical systems if X is compact) πf : X → |Af |.
Next consider the map π : βGX → |Af |, the canonical extension of πf induced by the inclusion
Af ⊂ RUC(X).
The action of G on Ω is not in general continuous. However, the restricted action on Xf is
continuous for every f ∈ RUC(X). This follows from the second assertion of the next fact.
Proposition 3.1. (See for example [13])
(1) Each ω ∈ Xf is an element of RUC(G). That is, Xf ⊂ RUC(G).
(2) The map ψ : βGX → Xf is a continuous homomorphism of G-systems. The dynamical
system (G, |Af |) is isomorphic to (G,Xf ) and the diagram
X
πf

iβ
//
π
""F
FF
FF
FF
FF
βGX
f♯||xx
xx
xx
xx
ψ

f˜
!!B
BB
BB
BB
B
|Af | // Xfoo
Fe // R
commutes.
(3) f = Fe ◦ f♯. Thus every f ∈ RUC(X) comes from the system Xf . Moreover, if f comes
from a system Y and a G-compactification ν : X → Y then there exists a homomorphism
α : Y → Xf such that f♯ = α ◦ ν. In particular, f ∈ Af ⊂ Aν .
If X := G with the usual left action then Xf is the pointwise closure of the G-orbit Gf := {gf}g∈G
of f in RUC(G). Hence (Xf , f) is a transitive pointed G-system.
As expected by the construction the cyclic G-systems Xf provide “building blocks” for compact
G-spaces. That is, every compact G-space can be embedded into the G-product of G-spaces Xf .
Let us say that a topological group G is uniformly Lindelo¨f 4 if for every nonempty open subset
O ⊂ G countably many translates gnO cover G. It is well known that G is uniformly Lindelo¨f iff G
is a topological subgroup in a product of second countable groups. When G is uniformly Lindelo¨f
(e.g. when G is second countable) the compactum Xf is metrizable.
The question “when is Xf a subset of UC(G) ?” provides another motivation for introducing the
notion of strongly uniformly continuous (SUC) functions (see Definition 4.2 and Theorem 4.12).
Definition 3.2. ([13]) A pointed compact G-system (X, x0) is point-universal if it has the property
that for every x ∈ X there is a homomorphism πx : (X, x0) → (cl (Gx), x). The G-subalgebra
A ⊂ RUC(G) is said to be point-universal if the corresponding G-ambit (GA, uA(e)) is point-
universal.
We will use the following characterization of point-universality from [13].
Lemma 3.3. Let (X, x0) be a transitive compact G-system. The following conditions are equivalent:
(1) A (X, x0) is point-universal.
(2) The orbit map G→ X, g 7→ gx0 is a right topological semigroup compactification of G.
(3) (X, x0) is G-isomorphic to its enveloping semigroup (E(X), e).
(4) A(X, x0) =
⋃
x∈X A(cl (Gx), x).
(5) Xf ⊂ A(X, x0) for every f ∈ A(X, x0) (where A(X, x0) is the corresponding subalgebra of
RUC(G) coming from the G-compactification ν : G→ X, ν(g) = gx0).
For other properties of point-universality see [13] and Remark 9.4.
4. Strong Uniform Continuity
Let G be a topological group. As before denote by L and R the left and right uniformities on G.
We start with a simple observation.
4there are several alternative names: ω-bounded, ℵ0-bounded, ω-narrow, ω-precompact.
7Lemma 4.1. For every compact G-space X the corresponding orbit maps
x˜ : (G,R)→ (X,µX), g 7→ gx
are uniformly continuous for every x ∈ X.
Proof. Let V be an open neighborhood of the diagonal ∆ ⊂ X×X . In order to obtain a contradiction
suppose that for every neighborhood U of e ∈ G there is uU ∈ U and xU ∈ X such that (xU , uUxU ) 6∈
V . For a convergent subnet we have lim(xU , uUxU ) = (x, x
′) 6∈ V contradicting the joint continuity
of the G-action. 
In general, for non-commutative groups, one cannot replace R by the left uniformity L (see
Remark 4.4). This leads us to the following definition.
Definition 4.2. Let G be a topological group.
(1) We say that a uniform G-space (X,µ) is strongly uniformly continuous at x0 ∈ X (notation:
x0 ∈ SUCX) if the orbit map x˜0 : G → X, g 7→ gx0 is (L, µ)-uniformly continuous.
Precisely, this means that for every ε ∈ µ there exists a neighborhood U of e ∈ G such that
(gux0, gx0) ∈ ε for every g ∈ G and every u ∈ U . If SUCX = X we say that X is strongly
uniformly continuous (notation: X ∈ SUC).
(2) If X is a compact G-space then there exists a unique compatible uniformity µX on X . So,
SUCX is well defined. By Lemma 4.1 it follows that a compact G-space X is SUC at x0
iff x˜0 : G → X is (L
∧
R, µX)-uniformly continuous. We let SUC denote the class of all
compact G-systems such that (X,µX) is SUC.
(3) A function f ∈ C(X) is strongly uniformly continuous (notation: f ∈ SUC(X)) if it comes
from a SUC compact dynamical system.
(4) Let x1 and x2 be points of a G-space X . Write x1
SUC
∼ x2 if these points cannot be separated
by a SUC function on X . Equivalently, this means that these points have the same images
under the universal SUC compactification G-map X → XSUC (see Lemma 4.6.1 below).
Lemma 4.3. UC(G) ⊃ SUC(G).
Proof. Let f : G → R belong to SUC(G). Then it comes from a function F : X → R, where
ν : G → X is a G-compactification of G such that f(g) = F (ν(g)), and F ∈ SUC(X). Clearly,
F ∈ RUC(X) because X is compact. Then f ∈ RUC(G) by Lemma 4.1. In order to see that
f ∈ LUC(G), choose x0 := ν(e) ∈ X in the definition of SUC. 
Remark 4.4. Recall that if L = R then G is said to be SIN group. If G is a SIN group then Y ∈ SUC
for every compact G-space Y . It follows that for a SIN group G we have SUC(X) = RUC(X) for
every, not necessarily compact, G-space X and also SUC(G) = UC(G) = RUC(G). For example
this holds for abelian and discrete groups.
A special case of a SUC uniform G-space is obtained when the uniform structure µ is defined by
a G-invariant metric. If µ is a metrizable uniformity then (X,µ) is uniformly equicontinuous iff µ
can be generated by a G-invariant metric on X . A slightly sharper property is the local version:
SUCX ⊃ LEX (see Lemma 7.8).
We say that a compactification of G is Roelcke if the corresponding algebra A is a G-subalgebra
of UC(G), or equivalently, if there exists a natural G-morphism GUC → GA.
Lemma 4.5. (1) Let f : (X,µ)→ (Y, η) be a uniformly continuous G-map. Then f(SUCX) ⊂
SUCY .
(2) The class SUC is closed under products, subsystems and quotients.
(3) Let α : G→ Y be a Roelcke compactification. Then α(G) ⊂ SUCY .
(4) Let X be a not necessarily compact G-space and f ∈ SUC(X). Then for every x0 ∈ X and
every ε > 0 there exists a neighborhood U of e such that
|f(gux0)− f(gx0)| < ε ∀ (g, u) ∈ G× U.
Proof. (1) and (2) are straightforward.
8(3): Follows directly from (1) because the left action of G on itself is uniformity equicontinuous
with respect to the left uniformity and α : (G,L) → (Y, µY ) is uniformly continuous for every
Roelcke compactification.
(4): There exist: a compact SUC G-space Y , a continuous function F : Y → R and a G-
compactification ν : X → Y such that f = F ◦ ν. Now our assertion follows from the fact that
ν(x0) ∈ SUCY (taking into account that F is uniformly continuous). 
By Lemmas 4.5.2, 3.3 and the standard subdirect product construction (see [13, Proposition
2.9.2]) we can derive the following facts.
Lemma 4.6. (1) For every G-space X the collection SUC(X) is a G-subalgebra of RUC(X)
and the corresponding Gelfand space |SUC(X)| = XSUC with the canonical compactification
j : X → XSUC is the maximal SUC-compactification of X.
(2) A compact G-system X is SUC if and only if C(X) = SUC(X).
(3) For every f ∈ RUC(X) we have f ∈ SUC(X) if and only if Xf is SUC.
(4) SUC(G) is a point-universal closed G-subalgebra of RUC(G).
(5) The canonical compactification j : G → GSUC is always a right topological semigroup com-
pactification of G.
The following result shows that SUC(X) can be described by internal terms for every compact
G-space X .
Proposition 4.7. Let X be a compact G-space. The following are equivalent:
(1) f ∈ SUC(X).
(2) For every x0 ∈ X and every ε > 0 there exists a neighborhood U of e such that
|f(gux0)− f(gx0)| < ε ∀ (g, u) ∈ G× U.
Proof. (1) =⇒ (2): Apply Lemma 4.5.4.
(1) ⇐= (2): By Lemma 4.6.3 it suffices to show that the cyclic G-space Xf is SUC. Fix an
arbitrary element ω ∈ Xf . According to Definition 4.2.2 we have to verify that ω ∈ SUCXf . The
uniformity of the compactum Xf is the pointwise uniformity inherited from RG. Fix an arbitrary
ε > 0 and a finite subset {g1, g2, · · · , gn} of G. We need to show the existence of a neighborhood U
of e such that
|guω(gi)− gω(gi)| ≤ ε ∀ (g, u) ∈ G× U
holds for every i = 1, 2, · · · , n. The G-compactification map f♯ : X → Xf is onto because X is
compact. Choose x0 ∈ X such that f♯(x0) = ω. By assertion (2) for x0 ∈ X and ε we can pick a
neighborhood U of e such that
|f(gux0)− f(gx0)| ≤ ε ∀ (g, u) ∈ G× U.
holds. Then for every i = 1, 2, · · · , n we get
|f(gigux0)− f(gigx0)| ≤ ε ∀ (g, u) ∈ G× U.
Now we can finish the proof by observing that
|guω(gi)− gω(gi)| = |ω(gigu)− ω(gig)| = |f(gigux0)− f(gigx0)| ≤ ε ∀ (g, u) ∈ G× U.

The following result emphasizes the differences between RUC(G) and SUC(G).
Theorem 4.8. Let α = αA : G → S be a G-compactification of G such that the corresponding left
G-invariant subalgebra A of RUC(G) is also right G-invariant. Consider the following conditions:
(1) A ⊂ UC(G) (that is, α : G→ S is a Roelcke compactification).
(2) The induced right action S ×G→ S, (s, g) 7→ sα(g) is jointly continuous.
(3) A ⊂ SUC(G).
Then
(a) always, 1 ⇔ 2 and 3 ⇒ 1.
(b) if, in addition, S is a right topological semigroup and α : G → S is a right topological
semigroup compactification of G then 1 ⇔ 2 ⇔ 3.
9Proof. (a) 1 ⇔ 2: By our assumption A is G-invariant with respect to left and right translations
(that is, the functions (fg)(x) := f(gx) and (gf)(x) := f(xg) lie in A for every f ∈ A and g ∈ G).
Then the corresponding (weak star compact) Gelfand space S := XA ⊂ A∗, admits the natural
dual left and right actions (see also Definition 6.2) πl : G × S → S and πr : S × G → S such
that (g1s)g2 = g1(sg2) for every (g1, s, g2) ∈ G × S × G. It is easy to see that this right action
S ×G → S is jointly continuous if and only if A ⊂ LUC(G). On the other hand, since α : G → S
is a G-compactification of left G-spaces we already have A ⊂ RUC(G).
3 ⇒ 1: By Lemma 4.3 we have SUC(G) ⊂ UC(G).
(b) We have to verify that 1 ⇒ 3 provided that α : G → S is a right topological semigroup
compactification of G. The latter condition is equivalent to the fact that the system (G,S) is
point universal (Lemma 3.3) and thus for every x0 ∈ S there exists a homomorphism of G-ambits
φ : (S, α(e)) → (cl (Gx0), x0). By Lemma 4.5 we conclude that the point x0 = φ(α(e)) ∈ S is a
point of SUC in the G-system cl (Gx0) (and, hence, in S). Since x0 is an arbitrary point in S we
get that SUCS = S and hence S is an SUC system. Since every function f ∈ A on G comes from
the compactification α : G→ S we conclude that A ⊂ SUC(G). 
Corollary 4.9. The G-compactification j : G→ GSUC is a right topological semigroup compactifi-
cation of G such that the right action GSUC ×G→ GSUC is also jointly continuous.
Proof. Apply Theorem 4.8 and Proposition 4.6.5. 
Corollary 4.10. The following conditions are equivalent:
(1) i : G→ GUC is a right topological semigroup compactification.
(2) (GUC , i(e)) is a point universal G-system.
(3) GUC is SUC.
(4) SUC(G) = UC(G).
Proof. Apply (b) of 4.8 to A = UC(G). 
Lemma 4.11. Let X be a G-space, f ∈ RUC(X) and h ∈ Xf . Then the following are equivalent:
(1) h ∈ LUC(G).
(2) h ∈ UC(G).
(3) h, as a point in the G-flow Y := Xf , is in SUCY .
Proof. We know by Proposition 3.1.1 that Xf ⊂ RUC(G). Thus (1) ⇐⇒ (2).
For (1) ⇐⇒ (3) observe that
|h(gu)− h(g)| < ε ∀ g ∈ G ⇐⇒ |h(tkgu)− h(tkg)| < ε ∀ g ∈ G, k = 1, · · · , n
for arbitrary finite subset {t1, · · · , tn} of G. 
For the next result see also Veech [48].
Theorem 4.12. Let f ∈ RUC(X). The following conditions are equivalent:
(1) Xf ⊂ UC(G).
(2) (G,Xf ) is SUC.
(3) f ∈ SUC(X).
Proof. 1 ⇒ 2: Let h ∈ Xf . By our assumption we have h ∈ UC(G) ⊂ LUC(G). Then by Lemma
4.11, h, as a point in the G-flow Y := Xf , is in SUCY . So SUCY = Y . This means that (G,Xf ) is
SUC.
2 ⇒ 3: Let (G,Xf ) be SUC. By Proposition 3.1.3, the function f : X → R comes from the
G-compactification f♯ : X → Xf . By the definition this means that f ∈ SUC(X).
3 ⇒ 1: Let f ∈ SUC(X). Then Lemma 4.6.3 says that Xf is SUC. By Lemma 4.11 we have
Xf ⊂ UC(G). 
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5. SUC, homogeneity and the epimorphism problem
We say that a G-space X is a coset G-space if it is G-isomorphic to the usual coset G-space G/H
where H is a closed subgroup of G and G/H is equipped with the quotient topology. We say that a
G-space X is homogeneous if for every x, y ∈ X there exists g ∈ G such that gx = y. A homogeneous
G-space X is a coset G-space if and only if the orbit map x˜ : G→ X is open for some (equivalently,
every) x ∈ X . Furthermore, x˜ : G→ X is open iff it is a quotient map. Recall that by a well known
result of Effros every homogeneous G-space with Polish G and X is necessarily a coset G-space.
Proposition 5.1. Let X = G/H be a compact coset space.
(1) If X is SUC then X is equicontinuous (that is, almost periodic).
(2) SUC(X) = AP (X).
Proof. (1): Indeed let x0H ∈ G/H and let ε be an element of the uniform structure on the compact
space X . By Definition 4.2 we can choose a neighborhood U of e such that
(gux0H, gx0H) ∈ ε ∀ (g, u) ∈ G× U.
By the definition of coset space topology the set O := Ux0H is a neighborhood of the point x0H
in G/H . We obtain that (gxH, gx0H) ∈ ε whenever xH ∈ O. This proves that x0H is a point of
equicontinuity of X = G/H . Hence X is AP.
(2): Every equicontinuous compact G-space is clearly SUC. This implies that always, SUC(X) ⊃
AP (X). Conversely, let f ∈ SUC(X). This means that f = α ◦ F for a G-compactification
α : X → Y where Y is SUC and F ∈ C(Y ) = SUC(Y ). We can suppose that α is onto because X
is compact. Then α is a quotient map. On the other hand X is a coset space G/H . It follows that
the natural onto map G→ Y is also a quotient map. Therefore, Y is also a coset space of G. Now
we can apply (1). It follows that Y is almost periodic. Hence f comes from an AP G-factor Y of
X . Thus, f ∈ AP (X). 
Next we discuss a somewhat unexpected connection between SUC, free topological G-groups and
an epimorphism problem. Uspenskij has shown in [44] that in the category of Hausdorff topological
groups epimorphisms need not have a dense range. This answers a longstanding problem by K.
Hofmann. Pestov established [35, 37] that the question completely depends on the free topological
G-groups FG(X) of a G-space X in the sense of Megrelishvili [24]. More precisely, the inclusion
i : H →֒ G of topological groups is epimorphism iff the free topological G-group FG(X) of the coset
G-space X := G/H is trivial. Triviality means, ‘as trivial as possible’, isomorphic to the cyclic
discrete group.
For a G-space X and points x1, x2 ∈ X we write x1
Aut
∼ x2 if these two points have the same image
under the canonical G-map X → FG(X). If d is a compatible G-invariant metric on a G-space X
then FG(X) coincides with the usual free topological group F (X) of X (see [24, Proposition 3.11]).
Therefore, in this case x1
Aut
∼ x2 iff x1 = x2.
Theorem 5.2. Let H be a closed subgroup of G.
(1) If x1
Aut
∼ x2 for x1, x2 in the G-space X := G/H then x1
SUC
∼ x2.
(2) If the inclusion H →֒ G is an epimorphism then the coset G-space G/H is SUC-trivial.
Proof. (1) Assuming the contrary let f : G/H → R be SUC function which separates the points
x1 := a1H and x2 := a2H . Then the G-invariant pseudometric ρf onG/H defined by ρf (xH, yH) :=
supg∈G|f(gxH) − f(gyH)| also separates these points. We show that ρf is continuous. Indeed let
ε > 0 and x0H ∈ G/H . By virtue of Lemma 4.5.4 we can choose a neighborhood U of e such that
|f(gux0H)− f(gx0H)| < ε ∀ (g, u) ∈ G× U.
By the definition of coset space topology the set O := Ux0H is a neighborhood of the point x0H in
G/H . We obtain that ρf (xH, x0H) < ε whenever xH ∈ O. This proves the continuity of ρf .
Consider the associated metric space (Y, d) and the canonical distance preserving onto G-map
X → Y, x 7→ [x]. The metric d on Y (defined by d([x], [y]) := ρf (x, y)) is G-invariant. Then FG(Y )
and F (Y ) are canonically equivalent (see the discussion above). Since d([x1], [x2]) > 0 we conclude
that x1 and x2 have different images in FG(X). This contradicts the assumption x1
Aut
∼ x2.
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(2) Assume that G/H is not SUC-trivial. By Assertion (1) we get that the free topological G-
group FG(G/H) of G/H is not trivial. Therefore by the above mentioned result of Pestov [35] we
can conclude that the inclusion H →֒ G is not an epimorphism. 
Remark 5.3. (1) The converse to Theorem 5.2.2 is not true (Take G := H+[0, 1], H := {e} and
apply Theorem 8.3).
(2) As a corollary of Theorem 5.2.2 one can get several examples of SUC-trivial (compact)
G-spaces. For example, by [24] the free topological G-group FG(X) of X := G/H with
G := H(S), H := St(z) (where z ∈ S is an arbitrary point of the circle S) is trivial. In fact
it is easy to see that the same is true for the smaller group G := H+(S) (and the subgroup
H := St(z)) (cf., Proposition 5.1).
(3) It is a well known result by Nummela [34] that if G is a SIN group then the inclusion of
a closed proper subgroup H →֒ G is not an epimorphism. This result easily follows from
Theorem 5.2.2. Indeed if G is SIN then by Remark 4.4 for the coset G-space G/H we have
SUC(G/H) = RUC(G/H). Hence if G/H is SUC-trivial then necessarily H = G because
RUC(G/H) is non-trivial for every closed proper subgroup H of G.
6. Representations of groups and G-spaces on Banach spaces
For a real normed space V denote by BV its closed unit ball {v ∈ V : ||v|| ≤ 1}. Denote by Iso(V )
the topological group of all linear surjective isometries V → V endowed with the strong operator
topology. This is just the topology of pointwise convergence inherited from V V . Let V ∗ be the dual
Banach space of V and
〈 , 〉 : V × V ∗ → R, (v, ψ) 7→ 〈v, ψ〉 = ψ(v)
is the canonical (always continuous) bilinear mapping.
A representation (co-representation) of a topological group G on a normed space V is a homo-
morphism (resp. co-homomorphism) h : G→ Iso(V ). Sometimes it is more convenient to describe
a representation (co-representation) by the corresponding left (resp. right) linear isometric actions
πh : G × V → V, (g, v) 7→ gv = h(v)(g) (resp., V × G → V, (v, g) 7→ vg = h(v)(g) ). The
(co)representation h is continuous if and only if the action πh is continuous.
Remark 6.1. Many results formulated for co-representations remain true also for representations (and
vice versa) taking into account the following simple fact: for every representation (co-representation)
h there exists an associated co-representation (representation) hop : G→ Iso(V ), g 7→ h(g−1).
Definition 6.2. Let π : G×V → V be a continuous left action of G on V by linear operators. The
adjoint (or, dual) right action π∗ : V ∗ ×G→ V ∗ is defined by ψg(v) := ψ(gv). The corresponding
adjoint (dual) left action is π∗ : G×V ∗ → V ∗, where gψ(v) := ψ(g−1v). Similarly, if π : V ×G→ V
is a continuous linear right action of G on V (e.g., induced by some co-representation), then the
corresponding adjoint (dual) action π∗ : G× V ∗ → V ∗ is defined by gψ(v) := ψ(vg).
The main question considered in [25] was whether the dual action π∗ of G on V ∗ is jointly
continuous with respect to the norm topology on V ∗. When this is the case we say that the action
π (and, also the corresponding representation h : G → Iso(V ), when π is an action by linear
isometries) is adjoint continuous 5.
Remark 6.3. In general, not every continuous representation is adjoint continuous (see for example
[25]). A standard example is the representation of the circle group G := T on V := C(T ) by
translations. Here the Banach space V is separable but with “bad” geometry. The absence of adjoint
continuity may happen even for relatively “good” (for instance, for separable Radon-Nikody´m)
Banach spaces like V := l1. Indeed if we define G := S∞ as the symmetric group naturally embedded
into Iso(V ) (endowed with the strong operator topology) and consisting of all “permutation of
coordinates” operators. Then the dual action of G on l∗1 = l∞ is not continuous (see [26]).
5This name was suggested by V. Uspenskij
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It turns out that the situation in that respect is the best possible for the important class Asp
of Asplund Banach spaces. The investigation of this class and the closely related Radon-Nikody´m
property is among main themes in Banach space theory. Recall that a Banach space V is an Asplund
space if the dual of every separable linear subspace is separable, iff every bounded subset A of the
dual V ∗ is (weak∗,norm)-fragmented, iff V ∗ has the Radon-Nikody´m property. Reflexive spaces and
spaces of the type c0(Γ) are Asplund. For more details cf. [6, 9]. For the readers convenience we
recall also the definition of fragmentability.
Definition 6.4. (Jane and Rogers [22]) Let (X, τ) be a topological space and ρ be a metric on the
set X . Then X is said to be (τ, ρ)-fragmented if for every nonempty A ⊂ X and every ε > 0 there
exists a τ -open subspace O of X such that O ∩ A is nonempty and ε-small with respect to ρ.
Namioka’s Joint continuity theorem implies that every weakly compact set in a Banach space is
norm fragmented. This explains why every reflexive space is Asplund.
We will use the following result.
Theorem 6.5. [25, Corollary 6.9] Let V be an Asplund Banach space. If a (not necessarily iso-
metric) linear action π : G × V → V is continuous then the dual action π∗ : V ∗ ×G → V ∗ is also
continuous.
Certainly, this result remains true for dual right actions as well as for dual actions defined by a
right action π : V ×G→ V .
The following definition provides a flow version of the group representation definitions discussed
above. It differs from the usual notion of G-linearization in that here we represent the phase space
of the flow as a subset of the dual space V ∗ (with respect to the dual action and weak star topology)
rather than as a subset of V .
Definition 6.6. [29] Let X be a G-space. A continuous (proper) representation of (G,X) on a
Banach space V is a pair
(h, α) : G×X ⇒ Iso(V )×B∗
where h : G → Iso(V ) is a strongly continuous co-homomorphism and α : X → B∗ is a weak star
continuous G-map (resp. embedding) with respect to the dual action G × V ∗ → V ∗, (gϕ)(v) :=
ϕ(h(g)(v)). Here B∗ is the weak star compact unit ball of the dual space V ∗.
Alternatively, one can define a representation in such a way that h is a homomorphism and the
dual action G× V ∗ → V ∗ is defined by (gϕ)(v) := ϕ(h(g−1)(v)).
Remark 6.7. Let X be a G-space and let A be a Banach (closed, unital) subalgebra of C(X).
Associated with A we have the canonical A-compactification νA : X → XA of X , where XA = |A|
is the Gelfand space of A. Here XA is canonically embedded into the weak star compact unit ball B∗
of the dual space A∗. If A is G-invariant (that is, the function (fg)(x) := f(gx) lies in A for every
f ∈ A and g ∈ G) then XA admits the natural adjoint action G×XA → XA with the property that
all translations g˘ : XA → XA are continuous and such that αA : X → XA ⊂ B∗ is G-equivariant.
We obtain in this way a representation (where h is not necessarily continuous)
(h, αA) : (G,X)⇒ (Iso(A), B
∗)
on the Banach space A, where h(g)(f) := fg (and αA(x)(f) := f(x)). We call it the canonical (or,
regular) A-representation of (G,X). It is continuous iff A ⊂ RUC(X) (see for example [29, Fact 2.2]
and [31, Fact 7.2]). The regular RUC(X)-representation leads to the maximal G-compactification
X → βGX of X . It is proper if and only if X is G-compactifiable.
The following observation due to Teleman is well known (see also [37]).
Fact 6.8. (Teleman [42]) Every topological group can be embedded into Iso(V ) for some Banach
space V .
Proof. It is well known that RUC(G) determines the topology of G. Hence the regular V :=
RUC(G)-representation (h, α) : (G,G) ⇒ (Iso(V ), B∗) is proper. That is, the map α is an embed-
ding. In fact it is easy to see that the co-homomorphism h is an embedding of topological spaces.
The representation hop : G→ Iso(V ), g 7→ h(g−1) is then a topological group embedding. 
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Definition 6.9. Let K be a “well behaved” subclass of the class Ban of all Banach spaces. Typical
and important particular cases for such K are: Hilb, Ref or Asp, the classes of Hilbert, reflexive or
Asplund Banach spaces respectively.
(1) We say that a topological group G is K-representable if there exists a (co)representation
h : G→ Iso(V ) for some V ∈ K such that h is topologically faithful (that is, an embedding).
Notation: G ∈ Kr .
(2) In the opposite direction, we say that G is K-trivial if every continuous K-representation of
G is trivial.
Remark 6.10. (1) By Teleman’s theorem (Fact 6.8) every topological group is “Banach repre-
sentable”. Hence, TopGr = Banr.
(2) Of course, TopGr = Banr ⊃ Aspr ⊃ Ref r ⊃ Hilbr.
(3) It is well known (see Herer and Christensen [21], and Banasczyk [4]) that abelian (even
monothetic) groups can be Hilb-trivial. Note also that c0 /∈ Hilbr, [28].
(4) [28] The additive group L4[0, 1] is reflexively but not Hilbert representable.
(5) [27] H+[0, 1] /∈ Refr. It was shown in [27] that every weakly almost periodic function
on the topological group G := H+[0, 1] is constant and that G is Ref -trivial. By Pestov’s
observation (see [38, Corollary 1.4] and Lemma 10.2) the same is true for the group Iso(U1).
(6) Theorem 10.3.3 shows that H+[0, 1] is even Asp-trivial. In fact we show that every “adjoint
continuous” representation of that group is trivial (Theorem 10.3.2). This result was ob-
tained also by Uspenskij (unpublished). Furthermore, we prove a stronger result by showing
that H+[0, 1] (and also Iso(U1)) are SUC-trivial.
Problem 6.11. (See also [31] and [27])
(1) Distinguish Aspr and Refr by finding G ∈ Aspr such that G /∈ Refr.
(2) Find an abelian G /∈ Refr.
Now we turn to the “well behaved actions”. Recall the dynamical versions of Eberlein and
Radon-Nikody´m compact spaces.
Definition 6.12. [13, 29] Let X be a G-space.
(1) (G,X) is a Radon-Nikody´m system (RN for short) if there exists a proper representation of
(G,X) on an Asplund Banach space V . If we can choose V to be reflexive, then (G,X) is
called an Eberlein system. The classes of Radon-Nikody´m and Eberlein compact systems
will be denoted by RN and Eb respectively.
(2) (G,X) is called an RN-approximable system (RNapp) if it can be represented as a subdirect
product of RN systems.
Note that compact spaces which are not Eberlein are necessarily non-metrizable, while even for
G := Z, there are many natural metric compact G-systems which are not RN.
Definition 6.13. (1) A representation (h, α) of a G-space X on V is adjoint continuous if the
dual action G× V ∗ → V ∗ is also continuous (or, equivalently, if the group corepresentation
h : G→ Iso(V ) is adjoint continuous).
(2) Denote by Adj the class of compact G-systems which admit a proper adjoint continuous
representation on some Banach space V . Theorem 6.5 implies that RN ⊂ Adj.
(3) Denote by adj(G) the collection of functions on G which come from a compact G-space X
such that (G,X) is in the class Adj. In fact this means that f can be represented as a
generalized matrix coefficient (see Section 9) of some adjoint continuous representation of
G.
Proposition 6.14. Asp(G) ⊂ adj(G) for every topological group G.
Proof. By [29, Theorem 7.11] (or Proposition 7.5) f ∈ Asp(G) iff f comes from a G-compactification
G→ X of G with X ∈ RN. Now observe (as in Definition 6.13.2) that RN ⊂ Adj by Theorem 6.5. 
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7. Dynamical complexity of functions
In this section we introduce a hierarchy of dynamical complexity of functions on a topological
group G which reflects the complexity of the G systems from which they come. Our main tool is
the cyclic G-system Xf corresponding to a function f : X → R. Recall that when X := G, the
space Xf is the pointwise closure of the orbit Gf in RUC(G). The topological nature of Xf in the
Banach space RUC(G) relates to the dynamical complexity of f and leads to a natural hierarchy
of complexity (see Theorem 7.12 below). In particular we will examine the role that SUC functions
play in this hierarchy.
Periodic orbits and the profinite compactification
The most elementary dynamical system is a finite (periodic) orbit. It corresponds to a clopen
subgroupH < G of finite index. These subgroups form a directed set and the corresponding compact
inverse limit system
XPF = lim
←
G/H
is the profinite compactification of G.
Almost Periodic functions and the Bohr compactification
The weaker requirement that Xf be norm compact in RUC(G) leads to the well known definition
of almost periodicity. A function f ∈ C(X) on a G-space X is almost periodic if the orbit fG :=
{fg}g∈G forms a precompact subset of the Banach space C(X). The collection AP (X) of AP
functions is a G-subalgebra in RUC(X). The universal almost periodic compactification of X is
the Gelfand space XAP of the algebra AP (X). When X is compact this is the classical maximal
equicontinuous factor of the system X . A compact G-space X is equicontinuous iff X is almost
periodic (AP), that is, iff C(X) = AP (X). For a G-space X the collection AP (X) is the set of all
functions which come from equicontinuous (AP) G-compactifications.
For every topological group G, treated as a G-space, the corresponding universal AP compact-
ification is the well known Bohr compactification b : G → bG, where bG is a compact topological
group.
Theorem 7.1. Let X be a G-space. For f ∈ RUC(X) the following conditions are equivalent:
(1) f ∈ AP (X).
(2) (G,Xf ) is equicontinuous.
(3) Xf is norm compact in RUC(G).
Proof. (1) ⇐⇒ (2): f ∈ AP (X) iff the cyclic algebra Af (which, by Proposition 3.1, generates the
compactification X → Xf) is a subalgebra of AP (X).
(2) ⇐⇒ (3): It is easy to see that the G-space Xf is equicontinuous iff the norm and pointwise
topologies coincide on Xf ⊂ RUC(G). 
Weakly Almost Periodic functions
A function f ∈ C(X) on a G-space X is called weakly almost periodic (WAP for short; notation:
f ∈ WAP (X)) if the orbit fG := {fg}g∈G forms a weakly precompact subset of C(X). A compact
G-space X is said to be weakly almost periodic [8] if C(X) = WAP (X). For a G-space X the
collection WAP (X) is the set of all functions which come from WAP G-compactifications. The
universal WAP G-compactification X → XWAP is well defined. The algebra WAP (G) is a point-
universal G-algebra containing AP (G). The compactification G → GWAP (for X := G) is the
universal semitopological semigroup compactification of G.
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A compact G-space X is WAP iff it admits sufficiently many representations on reflexive Banach
spaces [29]. Furthermore if X is a metric compact G-space then X is WAP iff X admits a proper
representation on a reflexive Banach space. That is, iff X is an Eberlein G-space.
Theorem 7.2. Let X be a G-space. For f ∈ RUC(X) the following conditions are equivalent:
(1) f ∈WAP (X).
(2) (G,Xf ) is WAP.
(3) Xf is weak compact in RUC(G).
(4) (G,Xf ) is Eberlein (i.e., reflexively representable).
Proof. (1) ⇐⇒ (2): f ∈WAP (X) iff the algebra Af is a subalgebra of WAP (X).
(2) =⇒ (3): Let Fe : Xf → R, Fe(ω) = ω(e) be as in the definition of Xf . Consider the
weak closure Y := clw(FeG) of the orbit FeG. Then Y is weakly compact in C(Xf ) because
Fe ∈ C(Xf ) = WAP (Xf ) is weakly almost periodic. If ω1 and ω2 are distinct elements of Xf then
(Feg)(ω1) = ω1(g) 6= ω2(g) = (Feg)(ω2) for some g ∈ G. This means that the separately continuous
evaluation map Y ×Xf → R separates points of Xf . Now Xf can be treated as a pointwise compact
bounded subset in C(Y ). Hence by Grothendieck’s well known theorem [20] we get that Xf is
weakly compact in C(Y ). Since G → Y, g 7→ gFe is a G-compactification of G, we have a natural
embedding of Banach algebras j : C(Y ) →֒ RUC(G). It follows that Xf = j(Xf ) is also weakly
compact as a subset of RUC(G).
(3) =⇒ (4): The isometric action G×RUC(G)→ RUC(G), (g, f) 7→ gf induces a representation
h : G → Iso(RUC(G)). If the G-subset Xf is weakly compact in RUC(G) then one can apply
Theorem 4.11 (namely, the equivalence between (i) and (ii)) of [29] which guarantees that the G-
space Xf is Eberlein.
(4) =⇒ (1): f ∈WAP (X) because it comes from (G,Xf ) (Proposition 3.1) which is WAP. 
Asplund functions, “sensitivity to initial conditions” and Banach representations
The following definition of “sensitivity to initial conditions” is essential in several definitions of
chaos in dynamical systems, mostly for G := Z or R actions on metric spaces (see for instance papers
of Guckenheimer, Auslander and Yorke, Devaney, Glasner and Weiss).
Definition 7.3. [13] Let (X,µ) be a uniform G-space.
(1) We say that X is sensitive to initial conditions (or just sensitive) if there exists an ε ∈ µ
such that for every nonempty open subset O of X the set gO is not ε-small for some g ∈ G.
Otherwise, X is non-sensitive (for short: NS).
(2) X is Hereditarily Non Sensitive (HNS) if every closed G-subspace of X is NS.
Denote by HNS the class of all compact HNS systems. The following result says that a compact
G-system X is HNS iff (G,X) admits sufficiently many representations on Asplund spaces.
Theorem 7.4. (Glasner and Megrelishvili [13])
(1) HNS = RNapp.
(2) If X is a compact metric G-space then X is HNS iff X is RN (that is, Asplund representable).
A function f : X → R on a G-space X is Asplund (notation: f ∈ Asp(X)) [29] if it satisfies one
of the following equivalent conditions.
Proposition 7.5. Let f : X → R be a function on a G-space X. The following conditions are
equivalent:
(1) f comes from a G-compactification ν : X → Y where (G, Y ) is HNS.
(2) f comes from a G-compactification ν : X → Y where (G, Y ) is RN.
(3) f comes from a G-compactification ν : X → Y and a function F : Y → R where the
pseudometric space (Y, ρH,F ) with
ρH,F (x, x
′) = sup
h∈H
|F (hx)− F (hx′)|.
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is separable for every countable (equivalently, second countable) subgroup H ⊂ G.
The collection Asp(X) is always a G-subalgebra of RUC(X). It defines the maximal HNS-
compactification X → XAsp = |Asp(X)| of X . For every topological group G the algebra Asp(G)
(as usual, X := G is a left G-space) is point-universal.
Theorem 7.6. Let X be a G-space. For every f ∈ RUC(X) the following conditions are equivalent:
(1) f ∈ Asp(X).
(2) (G,Xf ) is RN.
(3) Xf is norm fragmented in RUC(G).
Proof. IfX is compact then the proof follows directly from [13, Theorem 9.12]. Now observe that one
can reduce the case of an arbitrary G-space X to the case of a compact G-space Xf by considering
the cyclic G-system (Xf )Fe (defined for X := Xf and f := Fe) which can be naturally identified
with Xf . 
Explicitly the fragmentability of Xf means that for every ε > 0 every nonempty (closed) subset
A of Xf ⊂ RG contains a relatively open nonempty ε-small subset O ∩ A in RUC(G).
As we already mentioned every weakly compact set is norm fragmented so that WAP (X) ⊂
Asp(X) for every G-space X . In particular, WAP (G) ⊂ Asp(G).
Locally equicontinuous functions
During the last decade various conditions weakening the classical notion of equicontinuity were
introduced and studied (see e.g. [16], [1], [2], [3]). The following definition first appears in a paper
of Glasner and Weiss [16].
Definition 7.7. [16] A point x0 ∈ X is said to be a point of local equicontinuity (notation: x0 ∈
LEX) if x0 is a point of equicontinuity in the uniform G-subspace cl (Gx0). We have x0 ∈ LEX iff
x0 ∈ LEY iff x0 ∈ EqY where Y is the orbit Gx0 of x0 (see Lemma 7.8.1). If LEX = X , then X is
locally equicontinuous (LE).
Lemma 7.8. (1) Let Y be a dense G-subspace of (X,µ) and y0 ∈ Y . Then y0 ∈ EqX if and
only if y0 ∈ EqY .
(2) SUCX ⊃ LEX ⊃ EqX .
(3) SUC(X) ⊃ LE(X).
Proof. (1) Let ε ∈ µ. There exists δ ∈ µ such that δ is a closed subset of X × X and δ ⊂ ε. If
y0 ∈ EqY there exists an open set U in X such that y0 ∈ U and (gy, gy0) ∈ δ for all y ∈ U ∩ Y
and g ∈ G. Since Y is dense in X and U is open we have U ⊂ cl (U ∩ Y ). Since every g-translation
X → X, x 7→ gx is continuous and δ is closed we get (gx, gy0) ∈ δ ⊂ ε for every g ∈ G and x ∈ U .
(2): Let x0 ∈ LEX . For every ε ∈ µ there exists a neighborhood O(x0) such that (gx, gx0) is
ε-small for every x ∈ O(x0) and g ∈ G. Choose a neighborhood U(e) such that Ux0 ⊂ O. Then
(gux0, gx0) is ε-small, too. This proves the non-trivial part SUCX ⊃ LEX .
(3): Directly follows from (2). 
The collection LE(X) forms a G-subalgebra of RUC(X). Always, Asp(X) ⊂ LE(X). The
algebra LE(X) defines the maximal LE-compactification X → XLE of X . For every topological
group G the algebra LE(G) is point-universal [13].
Theorem 7.9. [13] Let X be a G-space. For f ∈ RUC(X) the following conditions are equivalent:
(1) f ∈ LE(X).
(2) (G,Xf ) is LE.
(3) Xf is orbitwise light in RUC(G) (that is, for every function ψ ∈ Xf the pointwise and
norm topologies coincide on the orbit Gψ).
Proof. (1) ⇐⇒ (2) Directly follows from [13, Theorem 5.15.1]. On the other hand by [13, Lemma
5.18] we have (2) ⇐⇒ (3). 
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The dynamical hierarchy
Theorem 7.10. (1) Let X be a (not necessarily compact) G-space. We have the following chain
of inclusions of G-subalgebras:
RUC(X) ⊃ SUC(X) ⊃ LE(X) ⊃ Asp(X) ⊃WAP (X) ⊃ AP (X)
and the corresponding chain of G-factor maps
βGX → X
SUC → XLE → XAsp → XWAP → XAP .
(2) For every topological group G we have the following chain of inclusions of G-subalgebras:
RUC(G) ⊃ UC(G) ⊃ SUC(G) ⊃ LE(G) ⊃ Asp(G) ⊃WAP (G) ⊃ AP (G)
and the corresponding chain of G-factor maps
GRUC → GUC → GSUC → GLE → GAsp → GWAP → GAP .
Proof. For the assertions concerning SUC(X) and SUC(G) see Lemmas 4.3 and 7.8. For the other
assertions see [13]. 
Remark 7.11. The compactifications GAP and GWAP of G are respectively a topological group and
a semitopological semigroup. The compactifications GRUC and GAsp are right topological semigroup
compactifications of G (see [13]). The same is true for the compactification j : G→ GSUC (Lemma
4.6.5). Below (Theorem 10.3.5) we show that the Roelcke compactification i : G →֒ GUC (which is
always proper by Lemma 2.1) is not in general a right topological semigroup compactification. That
is, UC(G) is not in general point-universal.
We sum up our results in the following dynamical hierarchy theorem where we list dynamical prop-
erties of f ∈ RUC(X) and the corresponding topological properties of Xf (cf. [13, Remark 9.12]).
Theorem 7.12. For every G-space X and a function f ∈ RUC(X) we have
Xf is norm compact ⇐⇒ f is AP
Xf is weakly compact ⇐⇒ f is WAP
Xf is norm fragmented ⇐⇒ f is Asplund
Xf is orbitwise light ⇐⇒ f is LE
Xf ⊂ UC(G) ⇐⇒ f is SUC
Example 7.13. Let G be the unitary group U(H) = Iso(H) where H is an infinite dimensional
Hilbert space. Then UC(G) = SUC(G) = LE(G) = Asp(G) = WAP (G). Indeed the completion of
(G,L
∧
R) can be identified with the compact semitopological semigroup Θ(H) of all nonexpanding
linear operators (Uspenskij [46]). It follows that GUC can be identified with Θ(H). The latter is
a reflexively representable G-space (see for example [29, Fact 5.2]). Therefore UC(G) ⊂ WAP (G).
The reverse inclusion is well known (see for instance Theorem 7.10). Hence, UC(G) = WAP (G).
Remark 7.14. Let Cu = {f ∈ UC(G) : Xf ⊂ UC(G)}. The collection of functions Cu was studied
by Veech in [48]. He notes there that WAP (G) ⊂ Cu and proves the following theorem.
Theorem 7.15. (Veech [48, Proposition 5.4]) Let G be a semisimple analytic group with finite center
and without compact factors. If f ∈ Cu then every limit point of Gf in Xf ; i.e. any function of
the form h(g) = limgn→∞ f(ggn), is a constant function.
(A sequence gn ∈ G “tends to∞” if each of its “projections” onto the simple components of G tends
to ∞ in the usual sense.) He then deduces the fact that for G which is a direct product of simple
groups the algebra WAP (G) coincides with the algebra W∗ of continuous functions on G which
“extend continuously” to the product of the one-point compactification of the simple components of
G ([48, Theorem 1.2]). By our Proposition 4.12, Cu = SUC(G). Taking this equality into account,
Veech’s result implies that for every simple Lie group G with finite center (e.g., SLn(R)) we have
SUC(G) = W∗ = WAP (G).
18
8. The group H+[0, 1]
Consider the Polish topological groupG := H+[0, 1] of all orientation preserving homeomorphisms
of the closed unit interval, endowed with the compact open topology. Here is a list of some selected
known results about this group:
(1) G is topologically simple.
(2) G is not Weil-complete; that is, the right uniform structure R of G is not complete. The
completion of the uniform space (G,R) can be identified with the semigroup of all continuous,
nondecreasing and surjective maps [0, 1] → [0, 1] endowed with the uniform structure of
uniform convergence (Roelcke-Dierolf [40, p. 191]).
(3) G is Roelcke precompact (that is the Roelcke uniformity L ∧R on G is precompact) [40].
(4) The completion of (G,L∧R) can be identified with the curves that connect the points (0, 0)
and (1, 1) and “never go down” (Uspenskij [47]; see Lemma 8.4 below).
(5) Every weakly almost periodic function on G is constant and every continuous representation
G→ Iso(V ), where V is a reflexive Banach space, is trivial (Megrelishvili [27]).
(6) G is extremely amenable; that is every compact Hausdorff G-space has a fixed point property
(Pestov [37]).
(7) G is minimal, that is, every continuous homomorphism G → X into some Hausdorff topo-
logical group X is a topological embedding (Gamarnik [10]).
We are going to show that G is SUC-trivial and hence also Asp-trivial. Since every reflexive
Banach space is Asplund these results strengthen the main results of [27] (results mentioned in item
(5) above).
Definition 8.1. Let (X,µ) be a compact G-space. We say that two points a, b ∈ X are SUC-
proximal if there exist nets si and gi in G and a point x0 ∈ X such that si converges to the neutral
element e of G, the net gix0 converges to a and the net gisix0 converges to b.
Lemma 8.2. If the points a and b are SUC-proximal in a G-space X then a
SUC
∼ b.
Proof. A straightforward consequence of our definitions using Lemma 4.5.4. 
Theorem 8.3. Let G = H+[0, 1] be the topological group of orientation-preserving homeomorphisms
of [0, 1] endowed with the compact open topology. Then G is SUC-trivial (i.e., every f ∈ SUC(G)
is constant).
Proof. Denote by i : G → GUC and j : G → GSUC the G-compactifications of G (i necessarily
is proper by Lemma 2.1) induced by the Banach G-algebras SUC(G) ⊂ UC(G). There exists a
canonical onto G-map π : GUC → GSUC such that the following diagram of G-maps is commutative:
G
j
""E
EE
EE
EE
EE
i // GUC
π

GSUC
We have to show that GSUC is trivial for G = H+[0, 1]. One of the main tools for the proof is
the following identification.
Lemma 8.4. [47, Uspenskij] The dynamical system GUC is isomorphic to the G-space (G,Ω). Here
Ω denotes the compact space of all curves in [0, 1]× [0, 1] which connect the points (0, 0) and (1, 1)
and “never go down”, equipped with the Hausdorff metric. These are the relations ω ⊂ [0, 1]× [0, 1]
where for each t ∈ [0, 1], ω(t) is either a point or a vertical closed segment. The natural action of
G = H+[0, 1] on Ω is (gω)(t) = g(ω(t)) (by composition of relations on [0, 1]).
We first note that every “zig-zag curve” (i.e. a curve z which consists of a finite number of
horizontal and vertical pieces) is an element of Ω. In particular the curves γc with exactly one
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vertical segment defined as γc(t) = 0 for every t ∈ [0, c), γc(c) = {c} × [0, 1] and γ(t) = 1 for every
t ∈ (c, 1], are elements of Ω = GUC . Note that the curve γ1 is a fixed point for the left G action.
We let θ = π(γ1) be its image in G
SUC . Of course θ is a fixed point in GSUC . We will show that
θ = j(e) and since the G-orbit of j(e) is dense in GSUC this will show that GSUC is a singleton.
The idea is to show that certain pairs of zig-zag curves are SUC-proximal in GUC . Then Lemma
8.2 will ensure that their images in GSUC coincide. Choosing a sequence zn of zig-zag curves which
converges in the Hausdorff metric to i(e) in GUC we will have π(zn) = θ for each n. This will imply
that indeed j(e) = π(i(e)) = π(limn→∞ zn) = limn→∞ π(zn) = θ.
First we show that for any 0 < c < 1, π(γ1) = π(γc). As indicated above, since G
SUC is the
Gelfand space of the algebra SUC(G), by Lemma 8.2, it suffices to show that the pair γ1, γc is
SUC-proximal in GUC . Since XSUC = X for X := GSUC we conclude that π(γ1) = π(γc).
Let p ∈ GUC be the zig-zag curve defined by p(t) = t in the interval [0, c] and by p(t) = c for
every t ∈ [c, 1). Pick a sequence sn of elements in G such that sn converges to e and snc < c. It
is easy to choose a sequence gn in G such that gnsnc converges to 0 and gnc converges to 1. Then
the sequences sn and gn are the desired sequences; that is, gnp → γc, gnsnp → γ1 (see the picture
below).
g s p
gp  p γ c
 
γ
nn
1
n
Denote θ = π(γ1) = π(γc). Using similar arguments (see the picture below, where a
π
∼ b means
π(a) = π(b)) construct a sequence zn ∈ GUC of zig-zag curves which converges to i(e) and such that
π(zn) = θ for every n.
~
pi
pi
~
pi
~
pi
~
i(e)...
In view of the discussion above this construction completes the proof of the theorem. 
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9. Matrix coefficient characterization of SUC and LE
Definition 9.1. Let h : G→ Iso(V ) be a co-representation of G on V and let
V ×G→ V, (v, g) 7→ vg := h(g)(v)
be the corresponding right action. For a pair of vectors v ∈ V and ψ ∈ V ∗ the associated matrix
coefficient is defined by
mv,ψ : G→ R, g 7→ ψ(vg) = 〈vg, ψ〉 = 〈v, gψ〉.
If h : G→ Iso(V ) is a representation then the matrix coefficient mv,ψ is defined by
mv,ψ : G→ R, g 7→ ψ(gv) = 〈gv, ψ〉 = 〈v, ψg〉.
For example, if V = H is a Hilbert space then f = mu,ψ is the Fourier-Stieltjes transform. In
particular, for u = ψ we get the positive definite functions.
We say that a vector v ∈ V is G-continuous if the corresponding orbit map v˜ : G→ V, v˜(g) = vg,
defined through h : G→ Iso(V ), is norm continuous. The continuous G-vector ψ ∈ V ∗ are defined
similarly with respect to the dual action.
Lemma 9.2. [29] Let h : G → Iso(V ) be a co-representation of G on V . If ψ (resp.: v ∈ V ) is
norm G-continuous, then mv,ψ is left (resp.: right) uniformly continuous on G. Hence, if v and ψ
are both G-continuous then mv,ψ ∈ UC(G).
In the next theorem we list characterizations of several subalgebras of the algebra RUC(G) in
terms of matrix coefficients. These characterizations also provide an alternative way to establish the
inclusions in Theorem 7.10.2 for X := G.
Theorem 9.3. Let G be a topological group and f ∈ C(G).
(1) f ∈ RUC(G) iff f = mv,ψ for some continuous co-representation h : G → Iso(V ), where
V ∈ Ban.
(2) f ∈ UC(G) iff f = mv,ψ for some co-representation where v and ψ are both G-continuous
iff f = mv,ψ for some continuous co-representation where ψ is G-continuous.
(3) f ∈ SUC(G) iff f = mv,ψ for some continuous co-representation h : G→ Iso(V ), where ϕ
is norm G-continuous in V ∗ for every ϕ from the weak star closure clw∗(Gψ).
(4) f ∈ adj(G) iff f = mv,ψ for some adjoint continuous co-representation.
(5) f ∈ LE(G) iff f = mv,ψ for some continuous co-representation h : G→ Iso(V ), where weak
star and norm topologies coincide on each orbit Gϕ where ϕ belongs to the weak star closure
Y := clw∗(Gψ).
(6) f ∈ Asp(G) iff f is a matrix coefficient of some continuous Asplund co-representation of G.
(7) f ∈ WAP (G) iff f is a matrix coefficient of some continuous reflexive co-representation of
G.
Proof. Claim (1) follows easily by taking, in the regular RUC(G)-corepresentation V := RUC(G),
v := f and ψ := α(e). Claim (4) is a reformulation of Definition 6.13.3. The remaining assertions are
essentially nontrivial. Their proofs are based on an equivariant generalization of the Davis-Figiel-
Johnson-Pelczyn´ski interpolation technic [7]. For detailed proofs of (6) and (7) see [29]. For (2)
see [30]. Below we provide the proof of the new assertions (3) and (5). See Theorems 9.8 and 9.10
respectively. 
Remark 9.4. Let A ⊂ RUC(G) be a point-universal G-subalgebra. Then A is left m-introverted in
the sense of [32], [5, Definition 1.4.11]. Indeed, we have only to check that every matrix coefficient
mv,ψ of the regular A-representation of the action (G,G) on the Banach space A belongs again to A
whenever v ∈ A and ψ ∈ |A| ⊂ A∗. Let X := |A|. Then the G-system (X, eva(e)) is point universal
and A = A(X, eva(e)). The matrix coefficient mv,ψ comes from the subsystem (cl (Gψ), ψ). In
other words mv,ψ ∈ A(cl (Gψ), ψ). By Lemma 3.3 we have A(cl (Gψ), ψ) ⊂ A(X, eva(e)). Thus
mv,ψ ∈ A(X, eva(e)) = A.
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Definition 9.5. (1) Let G be a topological group and G × X → X and Y × G → Y be
respectively left and right actions. A map <,>: Y ×X → R is G-compatible if
< yg, x >=< y, gx > ∀ (y, g, x) ∈ Y ×G×X.
(2) We say that a subset M ⊂ Y is SUC-small at x0 ∈ X if for every ε > 0 there exists a
neighborhood U of e such that
supv∈M |〈v, ux0〉 − 〈v, x0〉| ≤ ε ∀ u ∈ U.
If M is SUC-small at every x ∈ X then we say that M is SUC-small for X .
(3) Let ρM be the pseudometric on the set X defined by
ρM (a, b) := supm∈M |〈m, a〉 − 〈m, b〉|.
Then an alternative formulation of definition (2) says that M ⊂ V is SUC-small at x0 if the
orbit map x˜0 : G→ (X, ρM ) is continuous at e.
(4) Let h : G → Iso(V ) be a continuous co-representation on a normed space V and h∗ :
G → Iso(V ∗) be the dual representation. Then we say that M ⊂ V is SUC-small at
x0 ∈ X ⊂ V ∗ if this happens in the sense of (2) regarding the canonical bilinearG-compatible
map <,>: V × V ∗ → R.
For example, a vector ψ ∈ V ∗ in the dual space V ∗ is G-continuous iff the unit ball BV of V is
SUC-small at ψ (see Lemma 9.7.3).
We give some useful properties of SUC-smallness.
Lemma 9.6. (1) Let Y1 ×X1 → R and Y2 ×X2 → R be two G-compatible maps. Suppose that
γ1 : X1 → X2 and γ2 : Y2 → Y1 are G-maps such that
< y, γ1(x) >=< γ2(y), x > ∀ (y, x) ∈ Y2 ×X1.
Then for every nonempty subset M ⊂ Y2 the subset γ1(M) ⊂ Y1 is SUC-small at x ∈ X1 if
and only if M is SUC-small at γ1(x) ∈ X2.
(2) Let X be a (not necessarily compact) G-space. If f ∈ SUC(X) then:
(a) fG is SUC-small for X with respect to the G-compatible evaluation map
fG×X → R, (fg, x) 7→ f(gx).
(b) The subset FeG of C(Xf ) is SUC-small for Xf considered as a subset of V
∗ where
V := C(Xf ) (with respect to the canonical map V × V ∗ → R).
Proof. (1): It is easy to check that ρM (γ1(a), γ1(b)) = ργ2(M)(a, b) for every a, b ∈ X1. Now see
Definition 9.5.3.
(2): (a) Directly follows by Lemma 4.5.4.
(b): Let f ∈ SUC(X). Then it comes by Proposition 3.1.3 from a compact G-system Xf and
the G-compactification f♯ : X → Xf . As we know there exists Fe ∈ C(Xf ) such that f = Fe ◦ f♯.
Theorem 4.12 implies that Xf is SUC and Fe ∈ SUC(Xf ). By claim (a) it follows that FeG is
SUC-small for Xf . The G-compatible map FeG × Xf → R can be treated as a restriction of the
canonical form V × V ∗ → R, where V := C(Xf ) (considered Xf as a subset of C(Xf )∗). 
Lemma 9.7. (1) Given h : G → Iso(V ) and a subset X of V ∗ the family of SUC-small sets
for X is closed under taking subsets, norm closures, finite linear combinations and convex
hulls.
(2) If Mn ⊂ V is SUC-small at x0 ∈ V ∗ for every n ∈ N then so is
⋂
n∈N(Mn+ δnBV ) for every
positive decreasing sequence δn → 0.
(3) Let h : G→ Iso(V ) be a co-representation. For every ψ ∈ V ∗ the following are equivalent:
(i) The orbit map ψ˜ : G→ V ∗ is norm continuous.
(ii) B is SUC-small at ψ, where B := {v˘ : V ∗ → R, x 7→ vˇ(x) := 〈v, x〉}v∈BV .
Proof. Assertion (1) is straightforward.
(2): We have to show that the set
⋂
n∈N(Mn + δnBV ) is SUC-small at x0. Let ε > 0 be
fixed. Since Gx0 is a bounded subset of V
∗ one can choose n0 ∈ N such that |v(gx0)| < ε4 for
every g ∈ G and every v ∈ δn0BV . Since Mn0 is SUC-small at x0 we can choose a neighborhood
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U(e) such that |m(ux0) − m(x0)| <
ε
2 for every u ∈ U and every m ∈ Mn0 . Now every element
w ∈
⋂
n∈N(Mn + δnBV ) has a form w = m+ v for some m ∈ Mn0 and v ∈ δn0BV . Then for every
u ∈ U we have
|w(ux0)− w(x0)| ≤ |m(ux0)−m(x0)|+ |v(ux0)|+ |v(x0)| <
ε
2
+
ε
4
+
ε
4
= ε.
(3): Use that ‖uψ − ψ‖ = supv∈BV |〈v, uψ〉 − 〈v, ψ〉| and BV is G-invariant. 
Theorem 9.8. The following conditions are equivalent:
(1) f ∈ SUC(G).
(2) f = mv,ψ for some continuous Banach co-representation h : G→ Iso(V ), where ϕ is norm
G-continuous in V ∗ for every ϕ in the weak star closure clw∗(Gψ).
Moreover, one can assume in (2) that clw∗(Gψ) separates points of V .
Proof. (2) =⇒ (1): Let h : G→ Iso(V ) be a continuous co-homomorphism such that f is a matrix
coefficient of h. That is, we can choose v ∈ V and ψ ∈ V ∗ such that f(g) = 〈vg, ψ〉 = 〈v, gψ〉
for every g ∈ G. One can assume that ||ψ|| = 1. The strong continuity of h ensures that the
dual restricted (left) action of G on the weak star compact unit ball (V ∗1 , w
∗) is jointly continuous.
Consider the orbit closure X := clw∗(Gψ) in the compact G-space (V
∗
1 , w
∗). Define the continuous
function vˆ : X → R induced by the vector v. Precisely, vˆ(x) = 〈v, x〉 and in particular, f(g) = vˆ(gψ).
So f comes from X and the compactification ν : G → X, g 7→ gψ. It suffices to show that the
G-system X is SUC. Let x0 be an arbitrary point in X and let w be an arbitrary vector in V . By the
definition of the weak star topology and the corresponding uniformity on the compact space X we
have to show that for every ε > 0 there exists a neighborhood U(e) such that |wˆ(gux0)−wˆ(gx0)| ≤ ε
for every g ∈ G and every u ∈ U . By simple computations we get
|wˆ(gux0)− wˆ(gx0)| = |〈w, gux0〉 − 〈w, gx0〉| = |〈wg, ux0〉 − 〈wg, x0〉|
= |〈wg, ux0 − x0〉| ≤ ||wg|| · ||ux0 − x0||.
Take into account that m := supg∈G{||wg|| : g ∈ G} is bounded. Since x0 ∈ cl (Gψ), by our
assumption the orbit map x˜0 : G→ V ∗ is norm continuous with respect to the dual action of G on
V ∗. Therefore, given ε > 0, there exists a neighborhood U of e in G such that ||ux0 − x0|| < m−1ε.
This shows that X is SUC. Hence, f ∈ SUC(G).
(1) =⇒ (2): Let f ∈ SUC(X). Then it comes by Proposition 3.1.3 from a compact transitive
G-system Xf and the G-compactification f♯ : G → Xf . There exists F := Fe ∈ C(Xf ) such that
f = F ◦ f♯. By Lemma 9.6.2 we conclude that FG is SUC-small for Xf ⊂ C(Xf )∗.
Let M := co(−FG ∪ FG) be the convex hull of the symmetric set −FG ∪ FG. Then M is a
convex symmetric G-invariant subset in C(Xf ). By Lemma 9.7.1 we know thatM is also SUC-small
for Xf . Denote by E the Banach subspace of C(Xf ) generated by M , that is E is the norm closure
of the linear span span(M) of M in C(Xf ). Since Xf is a compact G-space the natural right action
of G on C(Xf ) (by linear isometries) is continuous. By our construction E is a G-invariant subspace.
Hence the restricted action of G on E is well defined and also continuous.
Consider the sequence Kn := 2
nM + 2−nBE , where BE is the unit ball of E. Since M is
convex and symmetric, we can apply the construction of [7] (we mostly use the presentation and
the development given by Fabian in the book [9]). Let ‖ ‖n be the Minkowski’s functional of the set
Kn. That is,
‖v‖n = inf {λ > 0
∣∣ v ∈ λKn}
Then ‖ ‖n is a norm on E equivalent to the given norm of E for every n ∈ N. For v ∈ E, let
N(v) :=
(
∞∑
n=1
‖v‖2n
)1/2
and V := {v ∈ E
∣∣ N(v) <∞}
Denote by j : V →֒ E the inclusion map. Then (V,N) is a Banach space, j : V → E is a
continuous linear injection and
M ⊂ j(BV ) = BV
Indeed, if y ∈M then 2nv ∈ Kn. Thus, ‖v‖n ≤ 2−n. Therefore, N(v)2 ≤
∑
n∈N 2
−2n < 1.
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By our construction M and BE are G-invariant. This implies that the natural right action
V × G → V, (v, g) 7→ vg is isometric, that is N(vg) = N(v). Moreover, by the definition of the
norm N on V (use the fact that the norm ‖·‖n on E is equivalent to the given norm of E for
each n ∈ N) we can show that this action is norm continuous. Therefore, the co-representation
h : G→ Iso(V ), h(g)(v) := vg on the Banach space (V,N) is well defined and continuous.
Let j∗ : E∗ → V ∗ be the adjoint map of j : V → E and i∗ : C(Xf )∗ → E∗ be the adjoint of the
inclusion i : E →֒ C(Xf ). The composition γ∗ = j∗ ◦ i∗ : C(Xf )∗ → V ∗ is the adjoint of γ := i ◦ j :
V → C(Xf ). Now our aim is to check the G-continuity of every vector ϕ ∈ γ
∗(Xf ) = clw∗(Gψ). By
Lemma 9.7.3 we have to show that BV is SUC-small for γ
∗(Xf ).
Claim : j(BV ) ⊂
⋂
n∈NKn =
⋂
n∈N(2
nM + 2−nBE).
Proof. If v ∈ BV then ‖v‖n < 1 for all n ∈ N. That is, v ∈ Kn for all n ∈ N. 
Recall now that FG is SUC-small for Xf ⊂ C(Xf )∗. By Lemma 9.7.1 we know that also M :=
co(−FG ∪ FG) is SUC-small for Xf ⊂ C(Xf )∗. Moreover by Lemma 9.7.2 we obtain that A :=⋂
n∈N(2
nM + 2−nBE) ⊂ C(Xf ) is SUC-small for Xf ⊂ C(Xf )
∗. The linear continuous operator
γ : V → C(Xf ) is a G-map. Then by Lemma 9.6.1 it follows that γ−1(A) ⊂ V is SUC-small
at every γ∗(h) ∈ γ∗(Xf ) ⊂ V ∗. The same is true for BV because by the above claim we have
γ(BV ) = j(BV ) ⊂ A (and hence, BV ⊂ γ−1(A)). That is BV is SUC-small for γ∗(Xf ). Now Lemma
9.7.3 shows that the orbit map ϕ˜ : G→ V ∗ is G-continuous for every ϕ ∈ γ∗(Xf ) = clw∗(Gψ).
By our construction F ∈ j(V ) (because F ∈M ⊂ j(BV )). Since j is injective the element j−1(F )
is uniquely determined in V . Denote by z the point f♯(e) ∈ Xf . We show that f = mv,ψ for the
co-representation h where v := j−1(F ) ∈ V and ψ := γ∗(z). Using the equality F ◦ αf = f and the
fact that αf is a G-map we get
〈Fg, z〉 = F (gαf(e)) = (F ◦ αf )(g) = f(g).
On the other hand,
mv,ψ(g) = 〈vg, ψ〉 = 〈j
−1(F )g, γ∗(z)〉 = 〈γ(j−1(F ))g), z〉 = 〈Fg, z〉.
Hence, f = mv,ψ, as required. Therefore we have proved that (1) ⇐⇒ (2).
Finally we show that one can assume in (2) that γ∗(Xf ) separates points of V . Indeed if v1, v2 are
different elements in V then γ(v1) 6= γ(v2). Since Xf separates C(Xf ) then 〈γ(v1), φ〉 6= 〈γ(v2), φ〉
for some φ ∈ Xf . Now observe that 〈γ(v), φ〉 = 〈v, γ∗(φ)〉 for every v ∈ V . 
Corollary 9.9. Adj(G) ⊂ SUC(G).
Next we show how one can characterize LE(G) in terms of matrix coefficients.
Theorem 9.10. The following conditions are equivalent:
(1) f ∈ LE(G).
(2) f = mv,ψ for some continuous co-representation h : G → Iso(V ), where V ∈ Ban and the
weak star and the norm topologies coincide on each orbit Gϕ, for all ϕ in the weak star
closure Y := clw∗(Gψ).
Moreover, one can assume in (2) that Y separates points of V .
Proof. (2) =⇒ (1): By definition f comes from Y := clw∗(Gψ). Hence it suffices to show that
Y is LE. Equivalently, we need to show that Y is orbitwise light (see [13, Lemma 5.8.2]). Let µY
be the uniform structure on the compact space Y . Denote by (µY )G the corresponding uniform
structure of uniform convergence inherited from Y G (see [13]). We have to show that top(µY )|Gϕ =
top((µY )G)|Gϕ for every ϕ ∈ Y . Observe that the topology (µY )G on the orbit Gϕ is weaker than
the norm topology. Since the latter is the same as the weak star topology (that is, top(µY )|Gϕ) we
get that indeed top(µY )|Gϕ = top((µY )G)|Gϕ.
(1) =⇒ (2): The proof uses again the interpolation technique of [7], as in Theorem 9.8. The
proof is similar so we omit the details. However we provide necessary definition and two lemmas
(Definition 9.11 and Lemmas 9.12 and 9.13). They play the role of Lemmas 9.6 and 9.7.
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Definition 9.11. Let <,>: Y ×X → R be a G-compatible map (as in Definition 9.5) and M be
a nonempty subset of Y . Denote by j : X → RM , j(x)(m) :=< m, x > the associated map. The
uniform topology τu induced from j is just the topology of the pseudometric space (X, ρM ) (cf.
Definition 9.5). The pointwise topology on X inherited from j : X → RM we denote by τp.
(1) We say that a subset A of X is M -light if the pointwise and uniform topologies coincide on
A ⊂ RM .
(2) M is LE-small at x0 ∈ X if the orbit Gx0 is M -light.
(3) M is LE-small for X if the orbit Gx is M -light for every x ∈ X (compare Theorem 7.9).
We are going to examine definitions (1) and (2) in a particular case of the canonical bilinear map
V × V ∗ which is G-compatible for every co-representation h : G→ Iso(V ).
We collect here some useful properties of LE-smallness.
Lemma 9.12. (1) Let Y1×X1 → R and Y2×X2 → R be two G-compatible maps. Suppose that
γ1 : X1 → X2 and γ2 : Y2 → Y1 are G-maps such that
< y, γ1(x) >=< γ2(y), x > ∀ (y, x) ∈ Y2 ×X1.
Then for every nonempty subset M ⊂ Y2 the subset γ1(M) ⊂ Y1 is LE-small at x ∈ X1 if
and only if M is LE-small at γ1(x) ∈ X2.
(2) Let X be a (not necessarily compact) G-space. If f ∈ LE(X) then the subset FeG of C(Xf )
is LE-small for Xf considered as a subset of V
∗ where V := C(Xf ) (with respect to the
canonical map V × V ∗ → R).
Proof. (1): As before we use the equality ρM (γ1(a), γ1(b)) = ργ2(M)(a, b) for every a, b ∈ X1.
(2): Let f ∈ LE(X). Then it comes by Proposition 3.1.3 from a compact G-system Xf and
the G-compactification f♯ : X → Xf . As we know there exists Fe ∈ C(Xf ) such that f = Fe ◦ f♯.
Theorem 7.9 implies that Xf is LE and Fe ∈ LE(Xf ). By the same Theorem Xf is orbitwise light
in RUC(G). This means that pointwise and norm topologies in RUC(G) agree on the subset Xf .
On the other hand it is straightforward to see that for the G-compatible map
FeG×Xf → R
(Definition 9.11 with M := FeG) the corresponding pointwise topology τp on X coincides with the
pointwise topology inherited from RUC(G) and the uniform topology τu on Xf coincides with the
norm topology of RUC(G). 
Lemma 9.13. Let h : G→ Iso(V ) be a continuous co-representation and X ⊂ V ∗.
(a) The family of LE-small sets for X in V is closed under taking: subsets, norm closures, finite
linear combinations and convex hulls.
(b) If Mn ⊂ V is LE-small at x0 ∈ V ∗ for every n ∈ N then so is
⋂
n∈N(Mn + δnBV ) for every
positive decreasing sequence δn → 0.
(c) The following are equivalent:
(i) The pointwise and norm topologies agree on the G-orbit Gx for every x ∈ X.
(ii) B is LE-small for X, where B := {v˘ : V ∗ → R, x 7→ vˇ(x) := 〈v, x〉}v∈BV .

Question 9.14. Is it true that adj(G) = SUC(G) for every topological group G ?
The question seems to be unclear even for abelian non-discrete G (what if G = R ?)
The equivalent question for abelian G is whether adj(G) = UC(G) ?
It is interesting also to compare LE(G) and adj(G).
10. Some conclusions about H+[0, 1] and Iso(U1)
First we give an argument which shows that the triviality of some algebras for the group G1 :=
H+[0, 1] leads easily to the triviality of the same algebras for the group G2 := Iso(U1). Pestov
observes in [38, Corollary 1.4] that the group Iso(U1) is reflexively trivial (equivalently, WAP-
trivial). His argument is based on the fact that H+[0, 1] is reflexively trivial and on the following
results of Uspenskij.
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Theorem 10.1. (Uspenskij [45, 43])
(1) The group Iso(U1) is topologically simple and contains a copy of every second countable
topological group (e.g., H+[0, 1]).
(2) Every topological group G1 is a topological subgroup of a topologically simple group G2.
Lemma 10.2 below is a slightly generalized version of Pestov’s observation. It shows that the trick
applies in fact for many properties. Of course it is important here that the corresponding property
admits a reformulation in terms of Banach space representations, as is the case for instance for SUC
and LE.
Lemma 10.2. Let G1 be a topological subgroup of a group G2. Suppose that G2 is G1-simple, in
the sense that, every non-trivial normal subgroup N in G2 containing G1 is necessarily dense in
G2. Then if G1 is either: 1) SUC-trivial, 2) LE-trivial, 3) adjoint continuous trivial or 4) K-trivial
(where K is a class of Banach spaces) then the same is true for G2.
Proof. We consider only the case of SUC. Other cases are similar.
We use Theorem 9.8. Let h : G2 → Iso(V ) be a continuous co-representation where Y :=
clw∗(Gψ) separates points on V and ϕ is norm G2-continuous in V
∗ for every ϕ ∈ Y . It is enough
to show that any such co-representation of G2 is trivial. By Theorem 9.8 this will show that G2 is
SUC-trivial. First observe that the restriction h|G1 of h to G1 is trivial. In fact, otherwise vg 6= v
for some (v, g) ∈ V × G1 and by our assumption there exists ϕ ∈ Y such that ϕ(v) 6= ϕ(gv).
Then the restriction mv,ϕ|G1 of the corresponding matrix coefficient mv,ϕ : G2 → R to G1 is not
constant. However, by Theorem 9.8, mv,ϕ|G1 ∈ SUC(G1), contradicting our assumption that G1 is
SUC-trivial. Therefore, h|G1 : G1 → Iso(V ) is trivial. Hence G1 is a subgroup of the normal closed
subgroup N := ker(h) of G2. Since G2 is G1-simple it follows that N = G2. Hence h is trivial. 
Note that if G2 is topologically simple, that is {e}-simple, then it is G1-simple for every subgroup.
The following theorem sums up some of our results concerning the topological groups H+[0, 1]
and Iso(U1).
Theorem 10.3. Let G be one of the groups H+[0, 1] or Iso(U1).
(1) The compactifications GSUC , GLE , GAsp, GWAP are trivial.
(2) Every adjoint continuous (co)representation of the group G is trivial.
(3) Every continuous Asplund (co)representation of the group G is trivial.
(4) Every (co)representation h : G→ Iso(V ) on a separable Asplund space V is trivial.
(5) The algebra UC(G) and the ambit (GUC , i(e)) are not point universal. In particular, the
map i : G→ GUC is not a right topological compactification of G.
Proof. (1): H+[0, 1] is SUC-trivial by Theorem 8.3. By results of Uspenskij (see Theorem 10.1) the
group Iso(U1) is topologically simple and also a universal second countable group. In particular it
contains a copy G1 of H+[0, 1] as a topological subgroup. It follows that G2 := Iso(U1) is G1-simple.
Applying Lemma 10.2 we conclude that G2 := Iso(U1) is also SUC-trivial. The rest follows by the
inclusions of Theorem 7.10.
(2): Every adjoint continuous (co)representation of H+[0, 1] must be trivial. Otherwise, by The-
orem 9.8 (or Corollary 9.9), it contains a nonconstant SUC function. Now Lemma 10.2 implies that
Iso(U1) is also adjoint continuous trivial.
(3): By Theorem 6.5 every strongly continuous Asplund (co)representation of G is adjoint con-
tinuous. Now apply (2).
(4): By a recent result of Rosendal and Solecki [41, Corollary 3] every homomorphism of G =
H+[0, 1] into a separable group is necessarily continuous. Combining this result and our assertion
(3) we obtain a proof in the case of G = H+[0, 1]. The case of G = Iso(U1) now follows by using
again the H+[0, 1]-simplicity of Iso(U1).
(5): Take a non-constant uniformly continuous function on G (such a function necessarily exists
by Lemma 2.1). Since SUC(G) = {constants} we get SUC(G) 6= UC(G). Now Corollary 4.10
finishes the proof. 
By Theorems 10.1 and 10.3 we get
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Corollary 10.4. Every (second countable) group G1 is a subgroup of a (resp., Polish) SUC-trivial
group G2.
However the following questions are open (see also [31]).
Question 10.5. (1) Find a nontrivial topological group which is SUC-trivial (Ref-trivial, Asp-
trivial) but does not contain a subgroup topologically isomorphic to H+[0, 1].
(2) Is the group H(Iℵ0) SUC-trivial (Ref-trivial, Asp-trivial)?
And, a closely related question (see Lemma 10.2):
(3) Is the group G2 := H(I
ℵ0), G1-simple when G1 < G2 is a copy of either H+[0, 1] or of
Iso(U1)?
Remark 10.6. By Theorem 10.3.1, GAsp is trivial for the group G := H+[0, 1], so that every RN
G-space is trivial. In a recent work, Glasner, Megrelishvili and Uspenskij [14] show that a metric
dynamical system (G,X) is RN iff its enveloping semigroup E(X) is metrizable. Combining these
results it follows that every metrizable right topological semigroup compactification of G is trivial.
In fact, if G → S is a right topological semigroup compactification of G, then the natural induced
G-space (G,S) is (i) metrizable and (ii) isomorphic to its own enveloping semigroup. Thus, by [14],
(G,S) is RN and therefore trivial. Recall that for every topological group G, the algebra RUC(G)
separates points and closed subsets on G and therefore the maximal right topological semigroup
compactification G →֒ GRUC(G) is faithful.
11. SUC-fpp groups
Recall that a topological group G has the fixed point on compacta property (fpp) (or is extremely
amenable) if every compact (transitive) G-space X has a fixed point. It is well known that locally
compact extremely amenable groups are necessarily trivial. Gromov and Milman [19] proved that
the unitary group U(H) is extremely amenable. Pestov has shown that the groups H+[0, 1] and
Iso (U1) are extremely amenable (see [36, 39] for more information).
Consider the following relativization.
Definition 11.1. Let P be a class of compact G-spaces.
(1) A G-space X is P-fpp if every G-compactification X → Y such that Y is a member of P has
a fixed point.
(2) A topological group G is P-fpp if the G-space X := G is P-fpp or equivalently, if every
G-space Y in P has a fixed point.
Taking P as the collection of all compact flows we get extreme amenability. With the class P of
compact affine flows we recover amenability. When P is taken to be the collection of equicontinuous
(that is, almost periodic) flows we obtain the old notion of minimal almost periodicity (MAP).
(Minimal almost periodicity was first studied by von Neumann and Wigner [33] who showed that
PSL(2,Q) has this property. See also Mitchell [32] and Berglund, Junghenn and Milnes [5]).
Lemma 11.2. Let P be a class of compact G-spaces which is preserved by isomorphisms, products
subsystems and quotients. Let P and XP be as in Section 2. The following conditions are equivalent:
(1) G is P-fpp.
(2) The compact G-space GP is P-fpp.
(3) Any minimal compact G-space in P is trivial.
(4) For every f ∈ P the G-system Xf has a fixed point.
(5) The algebra P is extremely left amenable (that is it admits a multiplicative left invariant
mean).
Proof. Clearly each of the conditions (1) and (3) implies all the others. Use the fact that the G-space
GP is point universal to deduce that each of (2) and (5) implies (3). Finally (4) implies (2) because
GP has a presentation as a subsystem of the product of all the Xf , f ∈ P. 
The smaller the class P is one expects the property of being P-fpp to be less restrictive; however
even when one takes P to be the class of equicontinuous Z-spaces (that is, cascades) it is still an open
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question whether P-fpp, that is minimal almost periodicity, is equivalent to extreme amenability (see
[11]).
Remark 11.3. A minimal compact G-space X is LE iff X is AP. It follows by the inclusions LE ⊃
RNapp ⊃ WAP ⊃ AP (cf. also Theorem 7.10) that G is minimally almost periodic iff G is P-fpp
where P is one of the following classes: WAP, RNapp or LE.
Here we point out two examples of topological groups G which are SUC-fpp but not extremely
amenable. In the next two sections we will show that S∞ as well as the group H(C) of homeo-
morphisms of the Cantor set C are also SUC-fpp (both groups are not extremely amenable). See
Corollary 12.3 and Theorem 13.8 below.
Example 11.4. For every n ≥ 2 the simple Lie group SLn(R) is minimally almost periodic hence has
the SUC-fpp. Being locally compact it is not extremely amenable (see Theorem 7.15).
For the second example we need the following proposition.
Proposition 11.5. Let G be a second countable (uniformly Lindelo¨f is enough) group and X a not
necessarily compact G-space. Assume that the action is 2-homogeneous on some uncountable dense
orbit Y = Gx0. Then X is SUC-trivial (and hence also SUC-fpp).
Proof. It is enough to show that every f ∈ SUC(X) is constant. We can suppose that Y = X = Gx0.
Let St(x0) < G be the stabilizer of x0. We observe that St(x0) is not open in G. Otherwise
the separable space G/St(x0) is discrete and therefore countable. However, by assumption X is
uncountable and the cardinality of X is the same as that of the coset space G/St(x0). It follows
that Ux0 6= {x0} for every neighborhood U of the identity e ∈ G. Now assume to the contrary that
f is a nonconstant SUC function and let ε := |f(a)− f(b)| > 0 for some a, b ∈ X . By the definition
of SUC there exists a neighborhood U(e) such that
|f(gux0)− f(gx0)| < ε ∀(g, u) ∈ G× U.
As was already established there exists x1 = u0x0 ∈ Ux0 such that x1 6= x0. Since the action is 2-
homogeneous we can choose g0 ∈ G such that g0x1 = a and g0x0 = b. Then |f(g0u0x0)−f(g0x0)| = ε,
a contradiction. 
Now for many concrete homogeneous uncountable metric compact spaces X the natural action
of the topological group G = H(X) on X is 2-homogeneous. By Proposition 11.5 the flow (G,X)
admits only constant SUC functions and the corresponding SUC G-compactification XSUC is trivial.
This is the case, to mention some concrete examples, for X the Cantor set (see Remark 13.5), the
Hilbert cube and the circle S.
In the latter case even the subgroup G := H+(S) < H(S) of all orientation-preserving homeo-
morphisms of the circle acts 2-homogeneously on S. Pestov has shown [36, 39] that the universal
minimal dynamical G-system M(G) for G := H+(S) coincides with the natural action of G on S.
Combining these results with Proposition 11.5 we obtain our second example.
Corollary 11.6. The Polish group G = H+(S) of orientation preserving homeomorphisms of the
circle has the SUC fpp (but it is not extremely amenable).
An alternative proof follows easily from Proposition 5.1.
12. The Roelcke compactification of the group S(N)
Let G = S(N) be the Polish topological group of all permutations of the set N of natural numbers
(equipped with the topology of pointwise convergence). Consider the one point compactification
X∗ = N∪{∞} and the associated natural G action (G,X∗). For any subset A ⊂ N and an injection
α : A→ N let pα be the map in (X∗)X
∗
defined by
pα(x) =
{
α(x) x ∈ A
∞ otherwise
We have the following simple claim.
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Claim 12.1. The enveloping semigroup E = E(G,X∗) of the G-system (G,X∗) consists of the
maps {pα : α : A → Z} as above. Every element of E is a continuous function so that by the
Grothendieck-Ellis theorem (see e.g. [12, Theorem 1.45]) the system (G,X∗) is WAP.
Proof. Let πν be a net of elements of S(N) with p = limν πν in E. Let A = {n ∈ N : p(n) 6=∞} and
α(n) = p(n) for n ∈ A. Clearly α : A→ N is an injection and p = pα.
Conversely given A ⊂ N and an injection α : A → N we construct a sequence πn of elements
of S(N) as follows. Let An = A ∩ [1, n] and Mn = max{α(i) : i ∈ An}. Next define an injection
βn : [1, n]→ N by
βn(j) =
{
α(j) j ∈ A
j +Mn + n otherwise.
Extending the injection βn to a permutation πn of N, in an arbitrary way, we now observe that
pα = limn→∞ πn in E. The last assertion is easily verified. 
Theorem 12.2. (1) The two algebras UC(G) and WAP (G) coincide.
(2) The universal WAP compactification GWAP of G (and hence also GUC), is isomorphic to
E = E(G,X∗). 6
Proof. Given f ∈ UC(G) and an ε > 0 there exists k ∈ N such that — with H = H(1, . . . , k) =
{g ∈ G : g(j) = j, ∀ 1 ≤ j ≤ k} —
sup
u,v∈H
|f(ugv)− f(g)| < ε.
Set fˆ(g) = supu,v∈H f(ugv), then ‖fˆ − f‖ ≤ ε. Clearly fˆ , being H-biinvariant, is both right and
left uniformly continuous; i.e. fˆ ∈ UC(G). Let
Nk∗ = {(n1, n2, . . . , nk) : nj ∈ N are distinct} = {injections : {1, 2, · · · , k} → N}
and let G act on Nk∗ by
g(n1, n2, . . . , nk) = (g
−1n1, g
−1n2, . . . , g
−1nk).
The stability group of the point (1, . . . , k) ∈ Nk∗ is just H and we can identify the discrete G-space
G/H with Nk∗ . Under this identification, to a function f ∈ UC(G) which is right H-invariant (that
is f(gh) = f(g), ∀g ∈ G, h ∈ H), corresponds a bounded function ωf ∈ Ωk = RN
k
∗ , namely
ωf (n1, n2, . . . , nk) = f(g) iff g(j) = nj , ∀ 1 ≤ j ≤ k.
If we now assume that f ∈ UC(G) is both right and left H-invariant (so that f = fˆ) then, as we will
see below, f and accordingly its corresponding ωf , admits only finitely many values, corresponding
to the finitely many double H cosets {HgH : g ∈ G}.
We set Yf = Y = cl {gωf : g ∈ G} ⊂ Ωk = RN
k
∗ , where the closure is with respect to the pointwise
convergence topology. (G, Yf ) is a compact G-system which is isomorphic, via the identification
G/H ∼= Nk∗ , to Xf ⊂ R
G. We will refer to elements of Ωk = RN
k
∗ as configurations. Consider first
the case k = 2.
In the following figure we have a representation of the configuration f = ωf = ω1,2 and three
other typical elements of Yf . The configuration ω2,7 = σω1,2 — where σ is the permutation ( 1 2 77 1 2 )
— , admits seven values (the maximal number it can possibly have): “blank” at points (m,n) with
m,n 6∈ {2, 7}, the values ⋄ and ∗ at (2, 7) and (7, 2) respectively, and four more constant values
on the two horizontal and two vertical lines. (The circled diagonal points (2, 2) and (7, 7) are by
definition not in N2∗.) If we let πn be the permutation
πn(j) =

j j 6∈ {1, n}
n for j = 1
1 for j = n
6Thus the universal WAP (and Roelcke) compactification of G is homeomorphic to the Cantor set.
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and denote by p = limn→∞ πn, the corresponding element of E(G,X) then, e.g. ω1,∞ = pω1,2 =
limn→∞ πnω1,2 = limn→∞ ω1,n.
0 2 4 6 8 10
0
2
4
6
8
10
f=ω1,2
0 2 4 6 8 10
0
2
4
6
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10
ω1,∞
0 2 4 6 8 10
0
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8
10
ω2,7
0 2 4 6 8 10
0
2
4
6
8
10
ω2,∞
The functions ω1,2, ω1,∞, ω2,7 and ω2,∞ in Ω2
Now it is not hard to see that the G action on Y naturally extends to an action of E = E(G,X∗)
on Y where each p ∈ E acts continuously. (Show that the map (a, b) 7→ ωa,b is an isomorphism of G-
systems from X∗×X∗ \∆ onto Y , where ∆ = {(n, n) : n ∈ N}.) It then follows that E = E(G,X∗)
coincides with E(G, Y ).
By the Grothendieck-Ellis theorem (see e.g. [12, Theorem 1.45]) these observations show that the
G-space Yf is WAP and therefore the function f , which comes from (G, Yf ), is a WAP function.
These considerations are easily seen to hold for any positive integer k. For example, an easy
calculation shows that for Hk = H(1, 2, . . . , k) the number of double cosets {HkgHk : g ∈ G} is
k∑
j=0
(
k
j
)
k!
(k − j)!
Since the subgroups Hk = H(1, . . . , k) form a basis for the topology at e, as we have already seen,
the union of the Hk-biinvariant functions for k = 2, 3, . . . is dense in UC(G) and we conclude that
indeed UC(G) = WAP (G).
Since for each H-biinvariant function f the enveloping semigroup of the dynamical system (G, Yf )
is isomorphic to E(G,X∗) and since the Gelfand compactification of UC(G) is isomorphic to a
subsystem of the direct product∏
{Yf : f is H-biinvariant for some H(1, . . . , k)}
we deduce that E(G,X∗) serves also as the enveloping semigroup of the universal dynamical system
|WAP (G)| = |UC(G)|. Finally, since |WAP (G)| is point universal we conclude (by Lemma 3.3)
that (G, |WAP (G)|) and (G,E(G,X∗)) are G-isomorphic. 
Corollary 12.3. The Polish group G = S(N) is SUC-fpp but not extremely amenable.
Proof. It was shown by Pestov [36] that G is not extremely amenable and the nontrivial universal
minimal G-system was described in [17]. On the other hand the G-system GUC described in Theorem
12.2 admits a unique minimal set which is a fixed point. Thus the SUC G-system GSUC , being G-
isomorphic to GUC (see Theorems 12.2 and 7.10.2), has a fixed point. 
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13. The homeomorphisms group of the Cantor set
In this section let C denote the classical Cantor set — i.e. the ternary subset of the interval [0, 1].
Thus C has the following representation:
C =
∞⋂
n=0
In,
where In =
⋃2n
j=1 I
n
j , is the disjoint union of the 2
n closed intervals obtained by removing from
I = [0, 1] the appropriate 2n − 1 open ‘middle third’ intervals. In the sequel we will write Imj for
the clopen subset Imj ∩ C of C. For each integer m ≥ 1, I
m = {Imj : 1 ≤ j ≤ 2
m} denotes the basic
partition of C into 2m clopen “intervals”.
We let G = H(C) be the Polish group of homeomorphisms of C equipped with the topology of
uniform convergence. For n ∈ N we let
Hn = {g ∈ G : gI
n
j = I
n
j , ∀ 1 ≤ j ≤ 2
n}.
Each Hn is a clopen subgroup of G and we note that the system of clopen subgroups {Hn : n =
2, 3, . . . } forms a basis for the topology of G at the identity e ∈ G.
For any fixed integer k ≥ 1 consider the collection
A
k = {a = {A1, A2, . . . , Ak} : a partition of C into k nonempty clopen sets}.
In particular note that for k = 2n, In is an element of Ak.
The discrete homogeneous spaceG/Hn can be identified with A
k = A2
n
: an element gHn ∈ G/Hn
is uniquely determined by the partition
a = {gInj : 1 ≤ j ≤ 2
n = k},
and conversely to every partition a ∈ Ak corresponds a coset gHn ∈ G/Hn. In fact, if a =
{A1, A2, . . . , Ak} we can choose g to be any homeomorphism of C with Aj = gInj .
Thus for k = 2n we have a parametrization of Ak by the discrete homogeneous space G/Hn.
Let
Ωk = RA
k ∼= RG/Hn .
Via the quotient map G→ G/Hn, g 7→ gHn, the Banach space ℓ∞(Ak) canonically embeds into the
Banach space RUC(G) where the image consists of all the right Hn-invariant functions in RUC(G).
Thus if f ∈ RUC(G) satisfies f(gh) = f(g) for all g ∈ G and h ∈ Hn then ωf (gI
n
1 , . . . , gI
n
k ) =
ωf (A1, . . . , Ak) = f(g), where Aj = gI
n
j , is the corresponding configuration in ℓ
∞(Ak).
We equip Ωk = RA
k
with its product topology. The group G acts on the space Ωk as follows. For
ω ∈ Ωk and g ∈ G let
gω(a) = ω(g−1A1, g
−1A2, . . . , g
−1Ak),
for any a = {A1, A2, . . . , Ak} ∈ Ak. Equivalently gω(g′Hn) = ω(g−1g′Hn), for every g′Hn ∈ G/Hn.
For each right Hn-invariant functions f in RUC(G) we denote the compact orbit closure of f = ωf
in Ωk by Yf .
First let us consider the case n = 1, where k = 2,
A
2 = {a = {A,Ac} : a partition of C into 2 nonempty clopen sets},
and
H = H1 = {g ∈ G : gI
1
j = I
1
j , j = 1, 2}.
Claim 13.1. There are exactly seven double cosets HgH, g ∈ G.
Proof. For a partition (A,Ac) ∈ A2 exactly one of the following five possibilities holds: (1) A = I11 ,
(2) A = I12 , (3) A & I
1
1 , (4) A $ I
1
2 , (5) A % I
1
1 , (6) A % I
1
2 , (7) A ∩ I
1
1 6= ∅ 6= A ∩ I
1
2 , and
Ac ∩ I11 6= ∅ 6= A
c ∩ I12 .
Clearly for any two partitions (A,Ac), (B,Bc) we have (B,Bc) = (hA, hAc) for some h ∈ H iff
they belong to the same class. Our claim follows in view of the correspondence G/H ∼= A2. 
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Define an element ωf ∈ Ω2 and the corresponding function f ∈ UC(G) as follows:
ω(A,Ac) = j if (A,Ac) is of type (j), j = 1, . . . , 7,
and f(g) = ω(gI11 , gI
1
2 ). Clearly f is H1-biinvariant and in particular an element of UC(G). Let Xf
denote the (pointwise) orbit closure of f in RUC(G). Via the natural lift of Ω2 to RUC(G) we can
identify Xf with Yf = cl {g · ωf : g ∈ G} ⊂ Ω2.
Next consider a sequence of homeomorphisms hn ∈ G satisfying the conditions
(i) hn(I
n
1 ) = (I
n
2n)
c,
(ii) hn((I
n
1 )
c) = In2n and
(iii) hn is order preserving.
It is then easy to check that the limit limn→∞ hnωf = ω0 exists in Ω
2 where ω0 is defined by
ω0(A,A
c) =
{
5 if 0 ∈ A
4 if 0 6∈ A.
Now for any g ∈ G we have
(g · ω0)(A,A
c) = ω0(g
−1A, g−1Ac) =
{
5 if g(0) ∈ A
4 if g(0) 6∈ A.
For x ∈ C set
(ωx)(A,A
c) =
{
5 if x ∈ A
4 if x 6∈ A.
Then for g ∈ G we have gω0 = ωg0. Moreover denoting Y0 = cl {gω0 : g ∈ G} ⊂ Ω2 we have
Y0 = Gω0 and the map φ : (G,C) → (G, Y0) defined by φ(x) = ωx is an isomorphism of G-spaces.
We get the following lemma.
Lemma 13.2. Let Y0 = cl {gω0 : G ∈ G} be the orbit closure of ω0 in Ω2, then the G-space (G, Y0)
is isomorphic to (G,C), the natural action of G = H(C) on the Cantor set C.
Remark 13.3. An argument analogous to that of Lemma 13.2 will show that for every n the number
of Hn double cosets is finite. As in the case of S(N) in the previous section this shows the well
known fact that G = H(C) is Roelcke precompact (see [47]).
In contrast to Theorem 12.2 we obtain the following result.
Theorem 13.4. For G = H(C) we have
UC(G) % SUC(G).
In particular the algebra UC(G) is not point universal and the corresponding Roelcke compactification
G→ GUC is not a right topological semigroup compactification of G (see Corollary 4.10).
Proof. Consider the function
f0(g) = ω0(g
−1I11 , g
−1I12 ) = gω0(I
1
1 , I
1
2 ) = ωg0(I
1
1 , I
1
2 )
and let hn ∈ G be defined as above. Let un be a sequence of elements of G which converges to e ∈ G
and for which hnun0 = 2/3. Then, as hn0 = 0 for every n, we have
f0(hn) = ω0(h
−1
n I
1
1 , h
−1
n I
1
2 ) = 5,
but as hnun0 = 2/3,
f0(hnun) = ω0(u
−1
n h
−1
n I
1
1 , u
−1
n h
−1
n I
1
2 ) = ωhnun0(I
1
1 , I
1
2 ) = 4.
Thus f0 is not left uniformly continuous. Since f0 ∈ Xf ∼= Y0, we conclude, by Theorem 4.12, that
f is not a SUC function. 
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Remark 13.5. A similar argument will show that any two points a, b ∈ C are SUC-proximal for the
G-space (G,C). Thus this G-space is SUC-trivial, by Lemma 8.2. Letting F : Y0 → {4, 5} ⊂ R be
the evaluation function F (ω) = ω(I11 , I
1
2 ), we observe that
f0(g) = ω0(g
−1I11 , g
−1I12 ) = gω0(I
1
1 , I
1
2 ) = F (gω0) = F (gφ0) = (F ◦ φ)(g0).
Thus the function f0 comes from the G space C, via the continuous function F ◦φ : C → R and the
point 0 ∈ C. This is another way of showing that f0 and hence also f are not SUC.
Lemma 13.6. Let A ⊂ RUC(G) be a closed G-invariant subalgebra containing the constants. Given
f ∈ A and ε > 0 there exist an n and an Hn-invariant function fˆ ∈ A with ‖f − fˆ‖ < ε.
Proof. By right uniform continuity there exists an n such that sup{|f(hg)− f(g)| : g ∈ G} < ε for
every h ∈ Hn. Set fˆ(g) = suph∈Hn f(hg). This function is continuous because it is defined via the
quotient map G→ G/Hn, where G/Hn is discrete. Since for every finite set {h1, . . . , ht} ⊂ Hn the
function
fh1,...,ht(g) = max
1≤j≤t
f(hjg)
is in A, Dini’s theorem implies that also fˆ is an element of A. 
Remark 13.7. Using Lemma 13.6 one can try to determine, in analogy with the previous section,
the structure of the universal WAP G-space, which is apparently much smaller than the Roelcke
compactification of G.
Theorem 13.8. The Polish group G = H(C) of homeomorphisms of the Cantor set C has the SUC
fpp.
Proof. Let f be a minimal, SUC function (that is, f is in SUC(G) and Xf is a minimal G-space).
Let A be the smallest uniformly closed G-invariant algebra of RUC(G) containing f and the constant
functions. As we have seen above for every ε > 0 there exist n and fˆ ∈ RUC(G) such that, with
Hn = {g ∈ G : gI
n
j = I
n
j , ∀ 1 ≤ j ≤ 2
n},
fˆ is H biinvariant and ‖f− fˆ‖ < ε. By Lemma 13.6, fˆ is still an element of the algebra A∩SUC(G).
It clearly suffices to show that fˆ is a constant. For convenience of notation we will therefore assume
that f = fˆ . Let now ωf (A1, A2, . . . , A2n) be the corresponding configuration in Ω
2n . As we have
seen the function f(g) = ωf (g
−1In1 , . . . , g
−1In2n) has a finite range and again an application of the
sequence hn to ωf will yield the limit configuration
ω0(A1, A2, . . . , A2n) =
{
a if 0 ∈ A1
b if 0 6∈ A1
for some a, b ∈ R. Since f is a SUC function Xf ⊂ SUC(G), by Theorem 4.12, and the function
f0(g) = ω0(g
−1In), which is an element of Xf , is SUC. Since f0 comes from the coset G-space C
(see Lemma 13.2 and Remark 13.5) Theorem 5.1 implies that it is constant (i.e. a = b). However,
by assumption Xf is a minimal G-space and it follows that f = f0 is constant. 
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